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MODELING UNKNOWN STOCHASTIC DYNAMICAL SYSTEM
SUBJECT TO EXTERNAL EXCITATION*

YUAN CHENT AND DONGBIN XIUT

Abstract. We present a numerical method for learning an unknown nonautonomous stochastic
dynamical systems, i.e., stochastic systems subject to time dependent excitation or control signals.
Our basic assumption is that the governing equations for the stochastic system are unavailable.
However, short bursts of signal-to-state data consisting of certain known excitation signals and their
corresponding system responses are available. When a sufficient amount of such signal-to-state data
are available, our method is capable of learning the unknown dynamics and producing an accurate
predictive model for the stochastic responses of the system subject to arbitrary excitation signals
not in the training data. Our method has two key components: (1) a local approximation of the
training signal-to-state data to transfer the learning into a parameterized form and (2) a generative
model to approximate the underlying unknown stochastic flow map in distribution. After presenting
the method in detail, we present a comprehensive set of numerical examples to demonstrate the
performance of the proposed method, especially for long-term system predictions.
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1. Introduction. There has been a growing interest in recovering/discovering
unknown dynamical systems from observational data. Most of the existing studies fo-
cus on deterministic systems, with methods such as physics-informed neural networks
(PINNSs) [48, 49], SINDy [7], Fourier neural operator (FNO) [30], computational graph
completion [39], sparsity promoting methods [50, 51, 24], flow map learning (FML)
[47, 13], to name a few.

Learning unknown stochastic systems is notably more challenging, as the sto-
chastic noises in the systems usually cannot be directly observed. The existing work
utilizes Gaussian process [58, 2, 15, 37], polynomial approximations [54, 28], deep neu-
ral networks (DNNs) [10, 57, 11, 60, 17, 61], Koopman operators [14, 34], etc. More
recently, a stochastic extension of the deterministic flow map learning (FML) approach
[47, 13] was proposed. It employs generative models such as GANs (generative ad-
versarial networks) [12] or autoencoders [56] to model the underlying stochasticity.
However, most, if not all, of these methods are developed for autonomous systems,
where time-invariance (in distribution) holds true and is critical to the method devel-
opment.

The focus and contribution of this paper is on the learning and modeling of un-
known nonautonomous stochastic systems. More specifically, we consider SDEs with
unknown governing equations and subject to time dependent external excitation or
control signals. Our goal is to develop a method that can capture the stochastic dy-
namics of the unknown systems by using short-term data consisting of signal-to-state
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relations between the excitation signals and their corresponding system responses in
the state variables. We remark that there exist some studies on modeling deterministic
nonautonomous systems, using methodology such as Dynamic Mode Decomposition
(DMD) [31, 43, 26, 23], SINDy [8], Koopman operator [44, 33, 38], FML [45], etc.
These methods are not applicable for stochastic nonautonomous systems.

The proposed method in this paper has two key components. First, our method
utilizes the observed signal-to-state data to construct an accurate representation of
unknown stochastic dynamics of the system. This is accomplished by a generative
model that learns the stochastic mapping of the system between two consecutive dis-
crete time steps. The learning of this stochastic flow map is similar to the work of
[12, 56], which extended the deterministic FML to stochastic systems. While [12, 56]
utilized GANs and autoencoder as the generative model, in this paper we employ
conditional normalizing flow (cf. [40]). Normalizing flow has been widely adopted as
a probabilistic model for generating data with desired distributions. Its applications
include image and video generation [27], statistical inference and sampling [35, 52],
reinforcement learning [22], as well as scientific computing [32, 29, 21, 16]. It has also
been used to model temporal evolution of density function for a stochastic system [59].
In this paper, we demonstrate that normalizing flow is applicable to modeling un-
known stochastic systems and can serve as an effective alternative. The second key
component of the proposed method is local parameterization of the excitation signal
in the training signal-to-state data. The local parameterization approach was first
introduced in [45] for a deterministic nonautonomous system. We adopt the similar
idea and extend it to a stochastic system. The approach seeks to parameterize the
excitation sigals in the training data via a local polynomial over one time step, and
subsequently transform the nonautonomous stochastic system into a local Markovian
system with homogeneous increments, provided that the unknown stochastic input
has stationary and independent increments. This, in turn, transforms the learning
problem into a parametric learning between the coefficients of the local polynomials
and the system responses. This is a critical component, as it allows the learned sys-
tem to conduct long-term system predictions under arbitrary excitation signals that
are never seen in the training data. Although the proposed method requires a large
number of short bursts data, the overall demand for long trajectory data may not
be as large, because each burst of the training signal-to-state data consists of merely
two time steps of data entries. Once trained, the learned model is able to simulate
the unknown stochastic systems for very long time and subject to arbitrary exita-
tion/control signals. A prominent feature of the method, perhaps unique to most of
the existing methods, is that it does not require the unknown system to be a classical
SDE (with drift and diffusion) and is applicable to learning general non-Gaussian
stochastic systems.

2. Setup. Let Q2 be an event space, and let T a finite time horizon. We consider
a d-dimensional (d > 1) stochastic process x(w,t) : Q x [0,T] + R? driven by an
unknown nonautonomous stochastic dynamical system in the following general form:

dXt
dt
where w € Q) represents the random input and u(t) are external excitation or control
signals. Our basic assumption in this paper is that the governing equations of the
stochastic system are not available. That is, f is unknown. Consequently, the solu-
tion x; cannot be obtained by solving (2.1). However, we assume that the unknown
function f does not explicitly depend on the time variable .

(2.1) (w) =f(x¢,u(t),w),
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We assume observation data are available. More specifically, we have signal-to-
state time history data between the excitations u, i.e., the signals, and system state
X, i.e., the state,

(2.2) Signal-to-state training data: u(t) — x(t).

Our goal is to construct a numerical model for the unknown system (2.1) such that
it can produce accurate predictions of the system state x(¢) for arbitrarily given
excitation signals u(t) that are not observed in the training data (2.2).

Ezample 1. As an example of the unknown stochastic system (2.1), let us consider
a nonautonomous stochastic differential equation (SDE)

(2.3) dx; = a(xe, pu(t))dt + b(xy, v(t)) dWy,

where W, is m-dimensional (m > 1) Brownian motion, a : R? x R — R? is drift
function, b : R? x R — R9*™ is diffusion function, and u(t) and v(t) are time-
dependent external inputs into the stochastic system. In our setting, both the drift
a and the diffusion b are unknown, and the excitation signal is u(t) = (u(t),v(t))7.
Also, the driving Brownian motion W cannot be observed. We emphasize that even
though many stochastic systems can be modeled in the form of (2.3), our proposed
method does not require such a structure. In fact, the proposed method works for
unknown stochastic systems of the general form (2.1), where the random inputs do
not need to be Gaussian or Brownian motion.

Example 2. Another example is a reaction network, which can be modeled as a
stochastic jump process. For example, consider a gene expression model in the form
of biochemical reaction network [53, 6]:

0 ar

MEsmyp
Mkdm (Z),

k
P =2,

where M is mRNA population and P is protein population, and paramters k’s are
reaction rates. Due to external excitation, one of the reaction rates becomes time
dependent k(t), whereas the other reaction rates remain constant. The dynamical
behavior of M and P can be modeled by an exact Monte Carlo method known as
the Gillespie algorithm, or stochastic simulation algorithm (SSA); cf. [20]. In our
setting, we assume that the reaction network (2.4) is not known. Subsequently, it is
not possible to conduct SSA to predict the system behavior. We assume we can collect
time history data of (M, P) subject to certain known external signal k(t). That is, in
the form of the signal-to-state data (2.2), the state variables are x(t) = (M, P)” and
the excitation signal is u(t) = k(t). Our goal is to model the long-term dynamics of
x(t) as a function of k(t). Note that the stochastic process x(¢) cannot be modeled
by the SDE (2.3). It is not driven by Brownian motion and does not follow Gaussian
distribution. This will be one of the numerical examples in this paper.

2.1. Problem statement. The method presented in this paper is based on
discrete time setting. Let tg < t; < --- be discrete time points. For simplicity, we
assume the time steps are of uniform length A = ¢,.4 —¢;, Vi > 0. Suppose we
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observe Ny > 1 S/S sequences of solution responses subject to input excitations: for
1=1,...,Nr,

25 (0 () (1) (6 (4 x (4. ox (1)

where (L; 4 1) is the length of the ith observation sequence. Note that each sequence
of the signal-to-state data can cover different time spans. Also, one may have more
information about the excitation u(¢) beyond its point values. For example, the
analytical form of u(tf) may be known within the time interval [té”ﬁ%j] for some
sequences.

The objective is to construct a numerical model to predict the system state of (2.3)
subject to arbitrary excitation signals. More specifically, given an initial condition xg
and excitation signal u(¢) that is not in the training signal-to-state data (2.5), we
require the model prediction X to approximate the true system response x, i.e.,

(2.6) (b x0,u(t) S x(tpixo,u(t)),  n=1,..,

where L stands for approximation in distribution. Note that since, in general, the
stochastic driving term W, cannot be directly observed, a weak approximation, such
as approximation in distribution, is typically the most one can achieve from a math-
ematical point of view.

2.2. Related work and contribution. This method developed in this pa-
per has its foundation in two recent works: flow map learning (FML) for modeling
deterministic unknown dynamical systems and its extension to modeling stochastic
dynamical systems.

For an unknown deterministic autonomous system, ‘i—’; = f(x), x € R, where
f:R? — R? is unknown, the FML method seeks to approximate the unknown flow
map x, = ®;, _;, (xs) by using observation data. More specifically, by using data on
x over one time step At, the FML method constructs a model

Xn4+1 = &)At(xn)y

where ® At = Pa; is a numerical approximation of the true flow map over one time
step At. Once constructed, the FML model can be used as a time marching scheme to
predict the system response under a given initial condition. This framework was pro-
posed in [47], with extensions to partially observed systems [19], parametric systems
[46], as well as nonautonomous deterministic systems [45].

For learning the autonomous stochastic system, % = f(x,w(t)), where w(t) rep-
resents an unknown stochastic process driving the system. The work of [12] de-
veloped stochastic flow map learning (sFML). Assuming the system satisfies time-
homogeneous property [36] P(xs+at|xs) = P(xat|X0), s > 0, the method uses the

observation data on the state variable x to construct a one-step generative model

Xnt1 = Gat(xn;2),

where z is a random variable with known distribution (e.g., standard Gaussian). The
function G, termed stochastic flow map, approximates the conditional distribution
Gat(xs;2) ~ P(x54at|Xs). Subsequently, the sFML model becomes a weak approxi-
mation, in distribution, to the true stochastic dynamics. Different generative models
can be employed under the sFML framework. For example, generative adversarial
networks (GANSs) are used in [12], and an autoencoder is employed in [56].
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The primary contribution of this paper is on the development of data driven mod-
eling for unknown stochastic systems subject to external excitations. To accomplish
this, we extend the sFML framework [12], which was developed for a autonomous
system, to a nonautonomous stochastic system. To learn the system signal-to-state
responses, we employ the local parameterization technique developed for a nonau-
tonomous deterministic system [45]. The method parameterizes the input excitations
in the data and transforms the learning problem into learning a parametric dynamical
system. For stochastic nonautonomous system considered in this paper, we incorpo-
rate the method into a generative model in the sFML framework. In particular, we
use normalizing flow as the generative model, which has not been considered in sto-
chastic flow map learning. We shall demonstrate that the newly developed method
is highly effective in modeling unknown stochastic systems, when excitations are not
present in the training data.

3. Methodology. In this section, we describe the proposed learning method in
detail. Since it is difficult to present the mathematical content in the general form
(2.1), without knowledge of the equation and the stochastic inputs, our exposition in
this section is primarily bases on the more concrete SDE setting (2.3). It shall be clear
that the proposed method does not rely on the special structure provided by (2.3).

3.1. Parameterization of inputs. Again, for the convenience of mathematical
exposition, let us consider the unknown SDE (2.3) over time interval [t,,t,1], n >0,

31wt =xlt)+ [ aGlu)ds+ [ bix(s)(s)aW ),

n n

which can be written equivalently as

A
(b 1) = X(tn) + / A(x(tn + 7). iltn +7))dr
(3.2) 0

A
+/ b(x(tn +7), (b + 7)) AW (b + 7).
0

By using the compact notation u(t) = (u(t),v(t))T, we now consider the excitation
u(t) in the time interval [t,,,tn+1]. Given the information of the excitation in the
training data (2.5), we construct a parameterized form

(3.3) u(t)lie, tpe) 2U(1;Ty) = Z o pr(7), T€10,A),

k=1
where {pg,k=1,...,m} is a set of prescribed analytical basis functions and
(3.4) I,={al,...,a}eR"™

are the expansion coefficients. In principle, one can choose any suitable basis func-
tions. Since the time interval [t,,t,+1] usually has a (very) small step size A, it suf-
fices to use low-order polynomials. In fact, low-degree monomials bases, py(7) = 7F71,
k > 1, would be sufficient for most problems. When k =0, the parameterization takes
form of piecewise constant function; when k = 1, piecewise linear function. If higher
degree polynomial approximation is needed, one should employ orthogonal polynomi-
als as the basis for numerical stability.
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The local parameterization of u is carried out based on the information one has
about the excitations. If the excitations are only known at discrete time instances, as
shown in (2.5), then it is natural to utilize piecewise linear function,

(T Th) = ultn) + 1 (ultarn) = ulta)):

If more information about u(t) is available, one can construct a higher degree poly-
nomial. We remark that in the representation, only the values of the excitations u at
t, and t,,;1 are needed. The values of the time ¢,, and ¢, 1 are not required.

It will become clear in the following sections that the critical approximation in the
proposed method is the approximation in distribution (2.6), which is accomplished
by a stochastic generative model via the observation data (2.5). Here, the numerical
errors induced by randomness and finite sampling are dominant and overwhelm the
small deterministic error of the local polynomial approximation. We have found no
numerical advantage of using polynomials beyond second order.

3.2. Parametric stochastic flow map. By replacing u by the local polynomial
u (3.3), we transform the system (3.2) into

A
(tns1) =%(ta) + [ a&(ts + 7). F(rsT))dr
(3.5) 0

A
+/ b(X(tn +7),v (7;T,))dW (t, + 7),
0

where the excitation signals u = (u,7)” has been parameterized by u via a set of
parameters IT',,. Compared to (3.2), the transformed system (3.5) contains possible
numerical error introduced by the parameterization of the excitations over the time
domain [0,A). The error can be made arbitrarily small for smooth excitations if one
uses higher degree polynomials when A is sufficiently small.

By using subscripts to denote the time level and letting

X(tn) =Xn, AW, (1) =dW (t,, + 7),
the parameterized system (3.5) indicates that there exists a mapping
(3.6) Xnt+1 = Ga(Xn,dW,(A);T,),

where G is what we shall call parametric stochastic flow map, which is parameterized
by I',. Note that Ga is a general expression stating that the future state X,y
depends only on the current state X,, and the incremental noise dW,(A). Such a
Markovian property holds true for many stochastic systems and is not restrictued to
SDE (2.3). That is, the existence of Ga does not rely on the existence of the drift
a and diffusion b. Here, we use (2.3) because it offers a concrete formulation for
derivation.

Remark 3.1. Tt is important to recognize that for the Brownian motion W (¢), or, in
general, for Lévy processes (cadlag stochastic processes with stationary independent
increments), the process dW,,(7) is stationary and independent of W (t,,). Therefore,
only the time difference A =t,,,1 — t,, matters, and the values of ¢,, and ¢,,+1 do not.
Consequently, we have suppressed the time variable t¢,, and ¢,,4+1 in (3.6).

Remark 3.2. The derivation of (3.6), via the suppression of the time variable ¢,,
represents a subtle and yet signficant step. The parametric stochastic flow map (3.6)
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is Markovian, in the sense that X,,11 depends only on the system information at ¢,
i.e., on X,,, the local parameters for the excitation signal T',,, and the stationary local
stochastic increment dW,,.

Again, it is clear that the derivation of (3.6) does not rely on the special structure
of (2.3), so long as the stochastic input has stationary and independent increments.
Therefore, we conclude that the parametric stochastic flow map (3.6) is applicable to
the general system (2.1) when the stochastic inputs are Lévy processes.

3.3. Stochastic flow map learning. In this section, we describe our main
method of stochastic flow map learning (sSFML), which constructs a generative model
to approximate the stochastic flow map (3.6) by using the trajectory data (2.5).

3.3.1. Training data. To construct the training data set, we reorganize the
original training data set (2.5) into pairs of consecutive time instances, often referred
to as snapshots. Since for each of the ith trajectory, i=1,..., Ny, we can extract L;
such pairs, there are a total number of M = L; + -+ Ly, signal-to-state data pairs
from the data set (2.5):

60 (o) ) <) x(8h). s

Next, we perform the local parameterization procedure from section 3.1 to each
pair of the input data (u (tm), (t,(ﬁ)_l)) and obtain its parameterization 1"( ) j =
., M, in the form of (3.3). We now have

(3.8) r > (x (67) x (1)), G=1...M

Since the values of the time variables do not matter (see Remark 3.1), we again
suppress the time variables and write our training data set as

M
(3.9) Su={rd (x§ =)}
j=1
where M is the total number of the parametric data pairs. In this way, each jth
entry of the data set is a trajectory of length two over one time step A, starting
with its “initial condition” at xé ), ending one step later at x§ ), and driven by a

known excitation parameterized by I‘(()J ) and an unknown stationary stochastic process
dW ,(A).

3.3.2. Generative model. In ssEFML, we seek to approximate the parametric
stochastic flow map (3.6) via a recursive generative model in the form of

(310) §n—‘,—l == aA(ﬁnazn;Fﬂ)a

where z € R™= is a random variable of known distribution. Again, since the stationary
stochastic process dW,,(A) in (3.6) is not observed, the constructed sFML model
(3.10) is expected to be a weak approximation of (3.6), and in this particular case,
approximation in distribution.

In order to construct the SFML model (3.10), we execute the model for one time
step over A,

(3.11) %1 = Ga(X0.20:T0),

and utilize the training data set (3.9) to learn the unknown operator G. Note that
the random variable zg is not in the training date set. In practice, one chooses zg
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with a known distribution, typically a standard Gaussian, and a specified dimension
n, > 1. The presence of the random variable zy enables (3.11) to be a stochastic
generative model that can produce random realizations. Several methods exist to
construct stochastic generative models, e.g., GANSs, diffusion model, normalizing flow,
autoencoder-decoder, etc. In this paper, we adopt normalizing flow for (3.11). We
remark that the use of normalizing flow is not critical to the applicability of the
proposed method. Our numerical experiments have indicated that other generative
models such as GANs and diffusion model work generally well. We employ normalizing
flow primarily because it has not been used in the FML framework before. The
property, applicability, and performance comparison of different generative models is
a rather complex issue and out of the scope of this paper.

3.3.3. Normalizing flow model. Normalizing flows are generative models that
produce tractable distributions to enable efficient and accurate sampling and density
evaluation. A normalizing flow is a transformation of a simple probability distri-
bution, e.g., a standard normal, into a more complex distribution by a sequence of
diffeomorphism. Let Z € R? be a random variable with a known and tractable dis-
tribution pz. Let g be a diffeomorphism, whose inverse is f = g=!, and Y = g(Z).
Then using the change of variable formula, one obtain the probability of Y:

py(y) =pz(f(y))|det Df(y)| = pz(f(y))| det Dg(f(y))| ",

where Df (y) = 0f /0y is the Jacobian of f and Dg(z) = dg/0z is the Jacobian of g.
When the target complex distribution py is given, usually as a set of samples of Y,
one chooses g from a parameterized family gy, where the parameter 6 is optimized
to match the target distribution. Also, to circumvent the difficulty of constructing a
complicated nonlinear function g, one utilizes a composition of (much) simpler diffeo-
morphisms: g=g,,08,—10---081. It can be shown that g remains a diffeomorphism
with its inverse f =f; 0---0of,,_; of,,. There exist a large amount of literature on
normalizing flows. We refer the interested reader to review articles [25, 41].

In our setting, we seek to construct the one-step generative model (3.11) by using
the training data (3.9). Let zg € R? be a random variable with a known distribution.
In our approach, we choose zy to be d-dimensional standard normal. Let Ty be a
diffeomorphism with a set of parameters # € R™. Our objective is to find 6 such that
Ty(z0) follows the distribution of {xgj) M, in (3.9).

Since the distribution of x; clearly depends on xg and I'y, we constraint the choice
of # to be a function of xg and I'g. We define

(3.12) 0 =N(x0,T0;0),

where N is a DNN mapping with trainable hyperparameters ©. No special DNN
structure required, and we adopt the straightforward fully connected feedforward
DNN for N. This effectively defines

(313) X1 = TN(xo,FO;G)) (ZQ)7

where the diffeomorphism T is effectively parameterized by the trainable hyperparam-
eters © of the DNN. Let S = T~ be the inverse of T. We have zg = SN, (xo,10:0) (X1)-
The invertibility of T allows us to compute

(3.14)
1
p(x1]%0,T0; ©) = Pz, (SN(x0,10:0) (X1)) |det DTy T:0) (SN (x0,10:0) (X1))| -
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Z) ——

FiGc. 1. The DNN model structure for the proposed normalizing flow sFML method (3.13).

The hyperparameters © are determined by maximizing the expected log-likelihood,
which is accomplished by minimizing its negative as the loss function,

E(@) = _E(Fo,xo,xl)NPdata log(p(xl |X07 ]-‘07 9))7

where pgata is the distribution from the training data set (3.9) and computed as
(3.15) £(6) == tog (p(xi”[x§", T 0) ).
j=1

Several designs for the invertible map T have been developed and studied ex-
tensively in the literature. These include, for example, masked autoregressive flow
(MAF) [42], real-valued nonvolume preserving (RealNVP) [18], neural ordinary dif-
ferential equations (Neural ODE) [9], etc. In this paper, we adopt the MAF approach,
where the dimension of the parameter 6 in (3.12) is set to be ng = 2d, where d is the
dimension of the dynamical system. For the technical detail of MAF, see [42].

3.4. DNN model structure and system prediction. An illustration of the
proposed sFML model structure can be found in Figure 1. This is in direct corre-
spondence of (3.13). Minimization of the loss function (3.15), using the data set (3.9),
results in the training of the DNN hyperparameters ©. Once the training is completed
and © fixed, (3.13) effectively defines the one-step sFML model (3.11):

X1 = TN(xo.T) (Z0) = G a (x0,20; To),

where we have suppressed the fixed parameter ©.

Iterative execution of the one-step sFML model allows one to conduct system
predictions under excitations that are not in the training data. For a given (new)
excitation signal u(t) = (u(t),v(t))T, we first conduct its parameterization in the
form of (3.3), to obtain its local parameter T, for [t,,¢n+1), for any n > 0. The sFML
system then produces the system prediction, for a given initial condition xg,

(316) Xn+1 :éA(XnaZn;Fn)a 7’7/20,

where z,, are i.i.d. d-dimensional standard normal random variables.
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4. Numerical examples. In this section, we present several numerical tests
to demonstrate the performance of our proposed method. After presenting results
for learning an Ornstein—Uhlenbeck (OU) process and a nonlinear SDE, we focus on
nonlinear SDE systems for long-term predictions. These include a stochastic predator-
prey model and a stochastic oscillator with double well potential. In both cases, we
study very long-term predictions of the learned sFML models. In particular, for the
stochastic oscillator, we utilize a periodic excitation signal that is known to generate
the well-known “stochastic resonance” phenomenon. At the end of this section, we
present learning of a stochastic reaction network and a stochastic partial diferential
equation (SPDE). The stochastic reaction network is a non-Gaussian stochastic jump
process driven by its inherent stochasticity that is not Brownian motion. It demon-
strates the applicability of the proposed method to general stochastic system (2.1)
beyond the classical SDE (2.3). The SPDE example demonstrates the applicability
of the method to a modestly high dimension d = 30.

In all the examples, the true stochastic systems are known. However, the true
stochastic systems are used only to generate the training data set (3.9). When the
true systems follow the SDE form (2.3), we solve them by Euler-Maruyama method
with a time step A =0.01. The “initial conditions” xg in (3.9) are sampled uniformly
in a domain Iy, specified in each example, and the excitations are local polynomials
whose coefficients T'y are sampled in a domain specified for each example.

In our sFML model, Figure 1, the DNN N has three layers, each of which with
20 nodes, and utilizes tanh activation function. We employ cyclic learning rate with
a base rate 3 x 10~* and a maximum rate 5 x 1074, v = 0.99999, and step size 10, 000.
The cycle is set for every 40,000 training epochs and with a decay scale 0.5. A small
weight decay of 0.01 on the gradient updates is also used to help stabilize the training.
In our examples, the DNN training is usually conducted for 200, 000 ~ 300,000 epochs.

For validation tests, we conduct system predictions by the learned FML for time
domains well beyond that of the training data set. We employ mostly periodic ex-
citation signals to ensure that the long-term system behavior remains “interesting”,
that is, it does not either decay to zero or blow up. We remark that periodicity of the
exciation is not required in the method, as it was never assumed in the derivation of
the method.

4.1. Linear SDE with control. We first consider the OU process with con-
trol/excitation. Two cases are considered: when the control is in the drift and when
the control is in both the drift and the diffusion. Note that since the true equa-
tions are not known, one has no information on “where” the excitations operate onto
the system. The sFML approach also does not seek to recover the drift or diffusion
terms.

4.1.1. OU with drift control. We first consider an OU process,
(41) dIt = [*/,L.Tt + O[(t)} dt + O'th,

where p and o are set as u=1.0 and o =0.2, and the control signal «(¢) is applied to
the drift. The training data set (3.9) is generated by sampling zo in (—2,2) and using
Taylor polynomial of degree 2 for the control «(t). This introduces three parameters
for T'y, which are sampled from (—9,9)3. A total of M = 120,000 trajectory pairs are
used in the training data set (3.9), where the time step A =0.01.

Once the sSFML model (3.10) is trained, we conduct system prediction for up to
T = 10.0, which requires 1,000 time steps. In Figure 2, we compare some sample
trajectory paths produced by the ground truth (left) and the learned sFML model
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Fi1G. 2. Sample trajectories of Example 4.1.1 with an initial condition zo = 2.0 and a(t) =
%sin(Gt). Left: ground truth. Right: Simulation using the trained sFML model.
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F1G. 3. Mean and standard deviation (STD) of Ezample 4.1.1 with an initial condition zg = 2.0
and a(t) = % sin(6t).

)

(right), with an initial condition zg =2.0 and a “new” control signal a(t) =  sin(6t).
We observe that the two sets appear visually similar to each other. To further validate
the sFML model prediction, we compute the mean and standard deviation of the
solution averaged over 10,000 trajectories. The sFML model predictions are shown
in Figure 3, along with the reference ground truth. In this figure, lines represent the
mean of sample trajectories, while shadow bands depict one standard deviation above
and below the mean curve. In Figure 4, we also show the comparison of the solution
probability distributions at time T'=2,4,8. We observe good agreement between the
learned sFML model and the true model. This verifies that the sFML model indeed
provides an accurate approximation in distribution.

We now present the results under a different setting: the initial condition xg =
—1.0, and the excitation a(t) = 3 sin(5¢)+ £ sin(1.5¢). The sample solution trajectories
are shown in Figure 5 and the solution mean and standard deviation averaged over
10,000 trajectories are shown in Figure 6. Again, we observe good agreement between
the sFML model prediction and the ground truth.
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Fic. 4. Comparasion of distribution of Example 4.1.1 at T = 2,4,8 with an initial condition
20 =2.0 and a(t) = 0.5sin(6t).

Fi1G. 5. Sample trajectories of Ezxample 4.1.1 with an initial condition zo = —1.0 and «a(t) =

%sin(5t) —+ % sin(1.5t). Left: ground truth. Right: Simulation using the trained sFML model.
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Fi1G. 6. Mean and standard deviation (STD) of Example 4.1.1 with an initial condition xq =
—1.0 and a(t) = %sin(St) + %sin(1.5t).

4.1.2. Fully control. We then consider the following OU process with control
on both drift and diffusion terms:

(4.2) dxy = [—pze + at)] dt + S(t)dWs,
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F1G. 7. Sample trajectories of Example 4.1.2 with an initial condition zo = 1.0, a(t) = % sin(51),
and B(t) = %ecos(”). Left: ground truth. Right: Simulation using the trained sFML model.
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Fi1G. 8. Mean and standard deviation (STD) of Example 4.1.2 with an initial condition xo = 1.0,
a(t)= % sin($t), and B(t) = 1—106005(7”).

where 1 =1.0, and a(t) and B(t) are the excitation/control signals. To generate train-
ing data, we conduct the local parameterization of «(t) and B(t) with 2nd degree Tay-
lor polynomials, resulting in I';, € R™", np = 3+3 = 6. Moreover, we generate 120,000
training data pairs with initial conditions uniformly sampled from I, = [—0.8,1.5] and
Ir =[-0.6,0.6] x [—0.8,0.8] x [-0.7,0.7] x [0.01,0.35] x [—0.5,0.5] x [—1.55,0.55].

To examine the performance of the learned sFML model, we conduct a sim-
ulation with an initial condition xo = 1.0 and excitations a(t) = isin(3t¢) and
B(t) = Tloecos(“t). (Note that the excitations are not the Taylor polynomials in the
training data set.) Some sample solution trajectories are shown in Figure 7. The mean
and STD of the solution are shown in Figure 8. And in Figure 9, we also show the
comparison of the probability distribution of the solution at T'= 2,6,8. We observe

good agreement between the sSFML model prediction and the ground truth.

4.2. Nonlinear SDEs with control. We now consider a nonlinear system of
SDEs, inspired by an exmple in section 2.3.2 of [55]:
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F1G. 9. Comparasion of distribution of Example 4.1.2 at T = 2,6,8 with an initial condition
z0=1.0, a(t) = % sin($t), and B(t) = %ecos(m).

Fic. 10. Sample phase portraits of Example 4.2 with an initial condition xg = 2.0, yo = 1.0 for
time up to T =10. Left: reference solution. Right: sFML model prediction.

(4.3) {dwt = f(@e,ye t)dt + o1dW,

dy; = —pu(ys — x¢)dt + 02d W,

where W; and W5 are independent Brownian motions, u = 1.0, o1 = 0.2, o2 = 0.05,
and the function f contains a control signal wu(¢):

flz,y.t) ==y +u(t), u(t) = sin(nt) 4 cos(v/2mt).

To generate the training data, we simulate the system with 120,000 sample paths over
one time step A = 0.01 from initial conditions uniformly in I = [—1.5,2.0] x [-1.0,1.6]
and under controls by 2nd-degree Taylor polynomials with coeffficients sampled from
[—2,2] x [-8,8] x [-15,15].

For the learned sFML model, we conduct system predictions with an initial con-
dition zg = 2.0 and yg = 1.0. In Figure 10, we plot a few sample phase portraits
from ground truth (left), as well as from the sFML model prediction (right). They
appear to be visually in agreement. The mean and standard deviation of the system
prediction by the sSFML model are shown in Figure 11, along with those of the true
solution. In Figure 12, we also show the comparison of reference and learned density
functions of the test trajectory at time T'=4,6,7,9. We observe that the sFML model
exhibits good accuracy in these predictions.

4.3. Stochastic predator-prey model. We then consider a stochastic Lotka—
Volterra system with a time-dependent excitation w(¢):

{ dxy =[xy — Ty + u(t)] dt + o 2:dW,

4.4
(44) dys = (—y¢ + x4y )dt + o2y, dWs,

where W7 and W5 are independent Brownian motions, and o; = oo = 0.05. The
training data are generated by simulating 120,000 solution samples for one step
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Fi1G. 11. Mean and standard deviation (STD) of Example 4.2 with an initial condition o = 2.0,
yo = 1.0. Left: =. Right: y.
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Fic. 12. Comparasion of probability distributions of Example 4.2 at T =4,6,7,9 with an initial
condition xg = 2.0, yo =1.0. Top row: x. Bottom row: y.
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Fic. 13. Phase portrait samples of the Lotka—Volterra system 4.3 with an initial condition xo =
2.0, yo = 1.0, and u(t) = sin(%) + cos(t) + 2.

A = 0.01, from initial conditions in Iy = [0.1,0.35] x [0.2,5.5] and under excitations
of 2nd-degree Taylor polynomials whose coefficients are from [0.01,4.2] x [-1.5,1.5] x
[—0.7,0.7].

Once we have the trained model, we conduct system prediction with an initial
condition zy = 2.0, yo = 1.0 and exitation u(t) = sin(%) + cos(t) + 2. We conduct
relatively long-term prediction for time up to 7' = 80. (Note that the training data
are of lenght 0.01.) In Figure 13, we plot a few samples of the phase portrait of the
system. Good visual agreement between the sFML prediction and the ground truth
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Fi1G. 14. Mean and standard deviation (STD) of Example 4.3 with an initial condition o = 2.0,
yo = 1.0, and u(t) = sin(%) + cos(t) +2. Upper: z. Lower: y.

can be observed. To examine the accuracy more closely, we present the mean and
standard deviation of the system in Figure 14. We observe good predictive accuracy
of the sFML model for up to T'= 80.

4.4. Stochastic resonance. In this section, we consider the following SDE with
a double-well potential and excitation,

(4.5) doy = [z, — 2 +u(t)] dt + odW,

where o = 0.25 is a parameter, and u(t) is the excitation. When V = 0, there is
no excitation to the system. The solution would exhibit random transition between
two metastable states © = —1 and x = 1. The transition probability depends on
the parameters 0. When V # 0, an excitation is exerted to the system. If the
excitation is periodic, under the right circumstance the random transition between
the two metastable states becomes synchronized with the periodicity of the excitation,
resulting in the so-called stochastic resonance; cf. [5, 3, 4].

Here, we demonstrate that the proposed sFML method can accurately model and
predict the long-term system behavior using only very a short burst of measurement
data. Our data are 30,000 trajectories of one step (A = 0.01) length, with initial
conditions sampled from I, = [—1.6,1.6] and under piecewise constant exictations
sampled from [—0.13,0.13].

Once the sFML model is trained, we conduct system prediction under various
excitations. In particular, we choose u(t) = V cos(wt), with V' =0.12 and w = 0.001.
These parameters are chosen according to [5], to ensure the occurrence of stochastic
resonance. An exceptionally long-term system prediction is conducted by the sFML
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Fic. 15. Sample trajectories of Example 4.4 with an initial condition xo = 1.0. Top: With
the periodic excitation u(t) = V cos(wt), V = 0.12, and w = 0.001. The system ezhibits stochastic
resonance. Bottom: No excitation case with u(t) =0. The system exhibits random transitions with
very small probability O(1075).
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Fic. 16. Comparasion of probability distributions of Example 4.4 at T = 10,000,20,000,
30,000, 40,000 with the periodic ezcitation u(t) =V cos(wt), V =0.12. and w = 0.001.

“21 Learned

model, for time up to T'=40,000. The result is shown in the top of Figure 15, where
we also plotted the (rescaled) periodic excitation in light grey line in the background.
We can clearly observe the synchronization between the random transition and the pe-
riodic excitation—the stochastic resonance. For reference, we also conduct the sFML
system prediction with V' =0, i.e., no excitation. The solution, shown in the bottom
of Figure 15, exhibits the expected random transition between the two metastable
states. We shall emphasize that in this case the transition probability is very small,
0(107%). The learned sFML model is capable of capturing such a small probability
event. We shall remark again that the training data are pairwise data separated by
one time step. Thus, none of the (long-term) system behaviors can be observed in
the training data. In Figure 16, we also show the comparison of reference and learned
density functions of the test trajectory at time 7' = 10,000, 20,000, 30,000, 40, 000.
We observe that the sFML model exhibits good accuracy in these predictions.
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4.5. A gene expression model. We consider a gene expression model in the
form of biochemical reaction network [53, 6], described as Example 2 in section 2,

0D 0

ME 4P

M Famy g,

)

(4.6)

JRNT)

where there are two species: M represents mRNA and P represents protein. In this
two-stage reaction network model, mRNAs are transcribed in a time-dependent rate
k(t) and proteins are translated at a rate of ks off each mRNA molecule. Meanwhile,
mRNAs and proteins degrade at rate kqm and kqp. The dynamical behavior of state
variables (M, P) is usually modeled as a stochastic jump process due to the stochas-
ticity caused by a low number of molecules. Stochastic Simulation Algorithm (SSA;
cf. [20]) is an exact Monte Carlo method designed for producing realizations of such
processes. Though the transitional probability of these processes is non-Gaussian and
nearly impossible to be explicitly written, we demonstrate in this example that the
proposed sEFML method is capable of learning and predicting such systems.

We simulate the system using Modified Next Reaction method [1], which is a
variant of the original SSA. The training data are generated via simulating the system
up to a short time A =0.1 with randomly sampled initial conditions for M < 10 and
P <400. Taylor polynomials of degree 2 are used to conduct local approximation of
the excitation signal k(t) within the A time interval. The three parameters for I'y are
sampled uniformly from [0,40] x [—5.3,5.3] x [—0.7,0.7]. For other parameters, we fix
A =0.1, ks =500, kqm = 20, kqp = 5. (Note that these parameters are only used to
generate the training data. They are not included in the FML model.)

For the learned sFML model, we conduct a system prediction with an initial
condition (Mo, Py) = (1,1) and k(t) = 20 + 20sin(f5) up to time 7" = 240. To test
the learning accuracy, we fix (xo,T), generate 10,000 samples of z for Ga(x,2; )
to compare the conditional distribution. In Figure 17, we show the two-dimensional
histogram for two scenarios: xo = (2,133), Ty = (30,—4.535,—0.335), and x¢ =
(5,287), Ty = (39.319,1.355,—0.664). The sFML model achieves high accuracy in
this non-Gaussian transitional probability distribution case.

In Figure 18, we show one trajectory produced by SSA (left) and the learned
sFML model (right). These trajectories reveal similar patterns. To further validate
the long time accuracy, we compute the mean and standard deviation with 10,000
trajectories and show the results in Figure 19. Moreover, the probability distributions
at time T' = 50,60,78, 110 are shown in Figure 20. We observe good agreement between
the sFML model predictions and the ground truth.

F1G. 17. Two-dimensional histogram of (non-Gaussian) conditional distribution Ga (X0,2; o)
with fized (x0,T0) of Example 4.5. Left two figures: reference and learned distribution for xo =
(2,133) and T'o = (30,—4.535,—0.335); Right two figures: reference and learned distribution for
x0 = (5,287) and T'o = (39.319,1.355, —0.664).
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FiG. 18. Sample trajectory for Example 4.5 with an initial condition (Mo, Po) = (1,1) and
k(t) =20+ 20sin(35 ). Left: a reference sample trajectory. Right: a learned sample trajectory.
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Fi1G. 19. Mean and standard deviation (STD) for Ezample 4.5 with an initial condition

(Mo, Po) = (1,1) and k(t) = 20 + 20sin(ZZ). Left:M. Right: P.
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F1c. 20. Comparasion of probability distributions of Example 4.5 at T = 50,60, 78,110 with an
initial condition (Mo, Po) = (1,1) and k(t) =20 + 20sin(35). Top row: M. Bottom row: P.

4.6. A stochastic heat equation with source. In this section, we consider
learning a one-dimensional stochastic heat equation driven by space-time noise

(4.7) du=ceAu+ f(x,t) + c&(x,t), (z,t) € (0,2m) x (0,71,

_(e=p)?
where £(z,t) is a space-time white noise, f(x,t) = a(t)e’ ¢ | &, p, ¢, and o are
model parameters, «(t) is the excitation. Periodic boundary condition is prescribed
and € =0.1.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



LEARNING NONAUTONOMOUS SDE C235

We conduct the sSFML modeling in modal space, i.e., in Fourier space. Assume the
trajectory data of (4.7) are observed at grid points x; = jh, j=0,1,..., N — 1, where
h = 27 /N. These observational data are then projected onto a finite-dimensional
space Vy = span{ey }5_,, where {e,}72, is an orthogonal basis of V. = L2 (0,27).
Thus, the solution u(z,t) can be approximated by

N

un(x,t) = Z ck(t)er(x),

=0

(4.8)

where we use the Fourier basis for e;’s and ¢;’s are the Fourier coefficients. We solve
(4.7) with Fourier collocation method with N = 30. We then apply the proposed
sFML method to learn the dynamical behavior of the coefficients ¢ = [co,...,cn]T,
where the excitation signal «(t) is represented as 2nd degree Taylor polynomial with
the coefficient Ty € (—1.2,1.2) x (—3.5,3.5) x (=5,5). A total of 120,000 trajectory
pairs are used in the training data set (3.9), where the time step A =0.05.

For validation, we conduct the sFML simulation for p = 1.0, ¢ = 1.0, ¢ = 0.05,
and with «(t) = sint. The initial condition is set as u(x,0) = exp(—sin®z) — 1.
In the top of Figure 21, we compute the temporal evolution of the mean and stan-
dard deviation of the solution as several locations, averaged over 10,000 trajectories.
In the bottom of Figure 21, we present the solution at several different time in-
stances T'=0.5,2.5,5,8. In Figure 22, we also show the comparison of the probability
distribution of the solution at a few arbitrarily chosen spatial-temporal locations,
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F1G. 21. Mean and standard deviation (STD) of Example 4.7 with an initial condition u(x,0)
exp(—sin?2z) — 1 and a(t) = sint. Upper: Comparison for u(zx,-) with x = 0,7/2,7,3w/2. Lower:
Comparison for u(-,T) with T =0.5,2.5,5,8.
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Fi1G. 22. Comparasion of probability distributions of Example 4.7 at (z,t) = (0.7,2),(1.3,4),
(3.8,6), (5.5,8) with an initial condition u(x,0) = exp(—sin?z) — 1 and a(t) =sint.
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(z,t) = (0.7,2),(1.3,4),(3.8,6),(5.5,8). We observe good agreement between the
sFML model prediction and the ground truth.

5. Conclusion. In this paper, we presented a general numerical framework for
modeling unknown nonautonomous stochastic systems by using observed trajectory
data. To overcome the difficulties brought by the external time-dependent inputs,
we transfer the original system into a local parametric stochastic system. We accom-
plished this by locally parameterizing the time-dependent external signals on several
discrete time points. The resulting stochastic system is then driven by a stationary
parametric stochastic flow map. A normalizing flow model is employed to approxi-
mate the parametric stochastic low map. By using a comprehensive set of numerical
examples, we demonstrated that the proposed approach is effective and accurate in
modeling a variety of unknown stochastic systems. One of the key features of the
method is that it is able to produce learned models that can conduct accurate system
predictions under external excitations not in the training data and for exceptionally
long-term well beyond the time domain of the training data. Although the method
works remarkably well for the variety of examples in the paper, we caution that its
rigorous numerical analysis such as error estimate is still lacking, largely due to the
lack of fudamental results on DNNs. Also, the performance for high-dimensional sto-
chastic systems is unclear. These issues are being pursued at this moment and the
results will be reported in future studies.
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