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Abstract. Polynomial approximations of functions are widely used in scientific computing. In
certain applications, it is often desired to require the polynomial approximation to be nonnegative
(resp., nonpositive), or bounded within a given range, due to constraints posed by the underlying
physical problems. Efficient numerical methods are thus needed to enforce such conditions. In this
paper, we discuss effective numerical algorithms for polynomial approximation under nonnegativity
constraints. We first formulate the constrained optimization problem, then its primal and dual forms,
and then we discuss efficient first-order convex optimization methods, with a particular focus on high-
dimensional problems. Numerical examples are provided, for up to 200 dimensions, to demonstrate
the effectiveness and scalability of the methods.
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1. Introduction. We are interested in finding a polynomial approximation to
an unknown multivariate function f(x), via its samples f(x;), i =1,..., K, x; € R%,
d > 1. In many applications, the function is expected to obey a set of given constraints,
usually in the form of inequalities. For example, density or mass is supposed to be
positive, or nonnegative. Consequently, it is highly desirable to enforce the polynomial
approximations to satisfy the same constraints. Violation of the constraints results in
nonphysical numerical results and often a catastrophic breakdown of the underlying
numerical model.

For polynomial approximations with constraints, most of the existing efforts
can be classified into two kinds of approach: a construction-based approach and
an optimization-based approach. The first approach resorts to characterization of
the sought-after polynomials with given structures, such as positivity. Examples of
such methods include the positivity-preserving interpolation [7, 19, 8, 11, 13] with an
extension to bound-preserving [9]. These methods usually require precise and com-
plicated algebraic derivations. They usually work with relatively simple constraints
and are difficult to apply in high dimensions. The second approach is to enforce the
constraints by solving a constrained optimization problem, where the constraints are
usually replaced by their approximations in the polynomial space. Convex optimiza-
tion tools are leveraged to obtain the solution. In [1], the Bernstein basis that forms
a nonnegative partition of unity was used, where the positivity constraint on the
whole polynomial becomes the positivity on the expansion coefficients. The resulting
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approximation is constrained uniformly. However, this approach is not capable of
reproducing polynomials [34]. In [34], the feasible set formed by the constraints is
characterized by a set of hyperplanes. A greedy algorithm is then employed to itera-
tively enforce the constraints represented by the hyperplanes.

Although we do not consider solving partial differential equations (PDEs) in this
paper, it is worth mentioning the approaches for positivity-preserving numerical meth-
ods for PDEs. It is often crucial for numerical schemes for solving PDEs to satisfy
certain constraints for the sake of stability, such as positivity of density and pressure
in fluid dynamics equations. Bound-preserving and positivity-preserving numerical
schemes include [36, 37] for conservation laws, [15, 35] for compressible Navier—Stokes
equations, [33] for magnetohydrodynamics, [32, 20] for diffusion equations, [26, 5] for
transport equations, and [21, 2] for more general PDEs, to name a few.

The focus of this paper is on the development of a numerical framework for find-
ing constrained polynomial approximation of functions, which should be scalable for
high dimensions. For simplicity we focus on the nonnegative constraint, which can
be extended to more general inequality constraints. We formulate the nonnegative
polynomial approximation problem as a convex minimization with the constraints en-
forced over a set of finite number chosen points. In high dimensions, the cardinality
of the polynomial space can be exceedingly large, resulting in a large scale minimiza-
tion problem. To circumvent the challenge, we employ first-order convex optimization
methods, which use only the gradient of the cost functions and thus scale well with
the problem size. Moreover, the corresponding dual problem is formulated in a space
whose dimension is the number of the constraint points. This is a user’s choice and
is controllable in practice.

There is a vast amount of literature on first-order optimization methods. In
this paper, we investigate a few widely known methods, including the fast iterative
shrinkage-thresholding algorithm (FISTA) [4, 24], the accelerated primal-dual hybrid
gradient (PDHG) method [10, 27], Douglas—Rachford splitting [22], which is equiv-
alent to the alternating direction method of multipliers (ADMM) [16], and the split
Bregman method [18] with special parameters. Moreover, the FISTA algorithm can
be accelerated [3] by using an adaptive restart technique [24, 25].

In this paper, we demonstrate that the FISTA with restart method applied to
a proper dual problem is efficient to enforce nonnegativity at finite given locations
for a polynomial approximation. For simpler problems, it is possible to design nearly
optimal parameters to accelerate convergence for methods like the Douglas—Rachford
splitting [23]. For simplicity, we do not consider tuning parameters. We design a
comprehensive set of numerical examples, from one dimension to hundreds of dimen-
sions, to compare these popular first-order methods. The numerical cost is estimated
and verified in experiments to demonstrate the scalability and efficiency in practical
use, which indicates that the restarted FISTA on the dual problem is a simple and
effective method without tuning parameters.

The rest of the paper is organized as follows. In section 2, we introduce the setup
of the problem. In section 3, we provide a detailed description of our method. A
comprehensive numerical study is presented in section 4.

2. Problem setup.

2.1. Least squares polynomial approximation. Consider the problem of
approximating an unknown function f: D+ R, D CR? d > 1. Let x = (x1,...,24)
be the variable and f € L?(D). Consider the subspace of polynomials of degree up to
n>1,
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(2.1) I1¢ := span {xk:xlfl -~-x§d,|k| gn},

where k= (k1,...,kq) is a multi-index with |k| =k; +--- 4+ k4. The dimension of this
subspace is

(2.2) N:dimng:(””):(””)!

d nld!

Let {¢j(x),j = 1,...,N} be an orthonormal basis of I1¢; then any f € II¢ can be
expressed as

n

N
(2.3) flx)= Z ki (x) :ch%(x)a
k=1

[k|=0

where we have used a linear ordering to map the multi-index k to a single index k.
By using vector notation

(24) W(x) = [1(x),.. on(x)]",
the expression can be written as
(2.5) Fx) = (e, ¥(x)),

where ¢ =[cy,...,cn]? and (,-) is the dot product.

We then consider approximating the function f using its samples. Let x1,..., Xk
be a sequence of sample locations in the domain D, let f := [f(xl),...,f(xK)]T be
the sample function values, and let

U7(x,)
(2.6) v, = e REXN
U7 (xx)

be the Vandermonde-like matrix; the standard least squares approximation problem
can be solved via

(2.7) min || ¥ ,c — 3,

under the assumption that the problem is overdetermined with K > N.

2.2. Constrained polynomial approximation. Next we consider a polyno-
mial approximation under linear inequality constraints on the coefficients c:

(2.8) minH\Ilac—ng subject to Bc > b,
C

where B € RN b € RY, C is the number of the constraints, and the inequality is
enforced componentwise. For a set €2, the indicator function is defined as

wofl 8

We can rewrite problem (2.8) in the following equivalent form with a constant « > 0:

1
(2.10) min iaH\Ilac—ng—i—LA(Bc—b),
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where
A={aeR%:a>0}.

The indicator function term is nondifferentiable but convex. The matrix W1 ¥, is
positive semidefinite, thus the I? approximation term is also convex.

Enforcing nonnegativity at some points can be recast as the constraint Be > b.
Let y1,...,ym € D be a sequence of points of interest, and let ¥, € RM*N he the
Vandermonde-like matrix at these points,

* ‘I’T(y 1) —
(2.11) v, = .
T ‘I’T(YM) .
Let B=®,, and b=0. Then the minimizer of (2.10) would be the coefficients of an
approximation polynomial which is nonnegative at points y1,...,ys. In this case, the
number of constraints C' = M.

3. Efficient iterative methods. We now discuss splitting algorithms for solv-
ing convex optimization (2.10). In particular, we focus on FISTA, which is an efficient
simple algorithm if applied to a proper problem setup.

3.1. The primal and dual problems. Recall that the primal problem (2.10)

is given by

1
(P) min §oz|\\11ac—f||§+LA(Bc—b).

ceRN

Then (P) can be written as

min g(c) + h(Bc —b),

ceRN

where the two functions g: RN — R and h:R¢ — R are
1
(3.1) g(e)=saTac—f3,  h(x)=1a(x).

For any convex function h, its convex conjugate is defined as

h*(y) :== sup {{y,x)—h(x)}.

x€RC

The primal problem (P) is equivalent to the following primal-dual form (P-D) and
dual form (D) (e.g., see [28]):

(P-D) min max [(Bc —b,u) —h*(u) + g(c)],
ceRN ueR€
(D) — min g*(—=B%u) + b u + r*(u),
ueR¢

where u € R® is the dual variable. For the two functions in (3.1), the conjugate
functions ¢* : RY i+ R, h* : R¢ — R are given by

(3.2) g (c) = % (z+¢) Kl (z+¢)— %afo,
(3.3) h*(x) =ta+(x), with A*={x:x<0},

where z=aW¥lf K=¥TW¥, and K is the Moore-Penrose pseudoinverse K. Let
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G*(u) = g*(~BTu) 4+ b u;

then the dual problem (D) can be written as

3.4 — min G* h*

(34) i G*(u) +h*(u),

where

(3.5) G*(u) = Qi (z— BTu)T K (z—B"u) - %oszf +b%u.
e

3.2. Closed convex proper functions. In this subsection, we explain why
the indicator function of a set must be defined using +o0o in (2.9). For a set Q C R",

consider a function
07 Xe Q7
Io(x) = {

M, x¢Q,

for a very large number M. Then Ig(x) is a well-defined function on the whole
space R™, and it may seem that Io(x) can serve the same purpose numerically as the
indicator function (2.9). However, a convex function well defined on the whole space
R™ must be a continuous function [29, Corollary 10.1.1], thus the function Iq(x)
cannot be convex on R™. To this end, one must consider a closed convex proper
function, which will be defined as follows.

Notice that the indicator function defined in (2.9) should be regarded as an ez-
tended function

R —RU{+oc0}.
For an extended function f:R"™ — RU {£o0}, its epigraph is defined as
epif ={(x,a) eR" xR: f(x) <a}.

An extended function is called closed if its epigraph is a closed set in R™*!. The
domain of an extended function is denoted as

domf={xeR": f(x) e R}.

The indicator function of a set 2 defined in (2.9) is a closed extended function if and
only if Q is a closed set; see [3].
A convex extended function is defined as an extended function satisfying

FOX+(1=Ny) <A X) 4+ (1 =Nf(y) V¥x,yedomf, YA€ (0,1).

An extended function is called proper if it never maps negative infinity. For
instance, the indicator function (2.9) is a proper function. Thus if Q is a closed
convex set, then the indicator function (2.9) is a closed convex proper function, to
which many results about convex functions well defined on the whole space R™ can
be extended.

It can be proven that a closed extended function is also a lower semicontinuous
function [3, Theorem 2.6]. Thus for a closed convex set €, the indicator function (2.9)
is also a lower semicontinuous convex proper function.

3.3. First-order splitting methods. Both the primal problem (P) and the
dual problem in the form of (3.4) can be written as a general composite minimization
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(3.6) min g(x) + h(x),
X

where the functions g(x) and h(x) are convex closed proper functions. For a convex
closed proper function g(x) such as the indicator function (2.9), its subdifferential
0g(xp) at a point xq is defined as a set of slopes of subtangent lines:

0g(x0) ={veR": g(x) > g(xo) + (v,x —x¢) Vx€&dom(g)}.

An element in the subdifferential set g is called a subgradient. If g(x) is differentiable
at xg, then the subgradients coincide with the gradient, i.e., dg(x¢) = {Vg(xo)}. For
example, for f(x)=|z|, the subdifferential set is

{1}, x>0,
of(x)=4¢{-1}, =z<0,
[-1,1], «=0.

Let 0g and Oh be their subdifferentials and I the identity operator. The proximal
operators of these two functions, i.e., the resolvents of subdifferentials, are

1
(3.7)  proxj(x) = (I+70g) " (x) = argmin, y9(2) + gllz = x[[3, >0,

1
—||z — xH%, v > 0.

(3.8) prox; (x) = (I +y0h) ' (x) = argmin, vh(z) + 5

For a convex closed proper function g(x), y9(z) + 3|1z — x||3 is a closed strongly
convex proper function and it has a unique minimizer [3, Theorem 5.25], thus the
proximal operator prox)(x) is a well-defined operator.

Assume the proximal operators have explicit formulae or can be efficiently ap-
proximated. If g(z) is differentiable but h(z) is not differentiable, then the simplest
method for (3.6) is the subgradient method:

X1 =Xk — (Vg(xr) +vi), vi € Oh(xk),

where v, is a step size and any subgradient v can be chosen. However, the subgradi-
ent method may converge very slowly. Instead, a method using the proximal operator
prox; (x) is usually much faster. The simplest splitting method to use the proximal

operator is the forward-backward splitting:
(3.9) Xp1 = (I +70h) " (I =4V g)(xx) = prox) (xx — YVg(xx)).

The splitting method (3.9) is also referred to as the proximal gradient method, or

projected gradient method when prox; is a projection operator. The fast prozimal

gradient method [24] is also called the fast iterative shrinkage-thresholding algorithm
(FISTA) [4]. For (3.6), FISTA is given by

Xj+1 = prox, (yr — YVg(yr)).

1+ /1+487
2 )

(3.10) the1 =
tpy—1

tet1

> (X1 —Xp),

Yi+1 =Xk+1 + (
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TABLE 1
Ezamples of applying popular first-order splitting algorithms for solving (P), for which c is the
primal variable, u is the dual variable, p is an auziliary variable in Douglas—Rachford splitting, and
©>0 is a parameter for the accelerated PDHG method.

Method Iteration schemes

u, =ux —nVG*(uy),
Projected gradient for (3.4)
uy, =prox;, (ug).

R”é* RZ* +1
Pri1 = 2 py,
Douglas-Rachford for (3.4)

uy 41 =prox;, (Prt1)-

uy 11 = prox;% (uy + 7, (B&, — b)),
Cht1 =proxy® (cp — mpBTugy1),

O = 1//1T+2ume, M1 = Ok, Ty 1 = T/ Ok
Cht1 =Cry1 + 0k (Cpp1 —Ck)-

Fast PDHG for (P-D)

where tg = 1, xg = yo, and v > 0 is a step size. The convergence rate of (3.9) can
be proven O(k~!), and the convergence rate of FISTA (3.10) is O(k~?), when the
step size is taken as v = %, assuming that Vg is Lipschitz continuous with Lipschitz
constant L.

When both the proximal operators have explicit formulae or can be efficiently
approximated, we can also consider the splitting methods with two proximal operators.
Define reflection operators as

Ry =2prox] — I, R) =2prox; —I;
then the Douglas—Rachford splitting [22, 14] can be given as

RJR, +1
2

Xk+1 = PIOXZ(YkH)»

Vit1 =A Vi + (1 =Ny,

(3.11)

where X\ € (0,2] is a relaxation parameter. When A = 2, (3.11) converges only if at
least one of the two functions g, h is strongly convex. The Douglas—Rachford splitting
(3.11) is equivalent to the popular ADMM method [16] and the split Bregman method
[18] on the equivalent Fenchel dual problem of (3.6) if using special step sizes; see [12]
and the references therein. When using ADMM and the split Bregman on the primal
problem (3.6), it is equivalent to using Douglas—Rachford splitting on the Fenchel dual
problem of (3.6). Usually, there is no significant difference in numerical performance
between using the same splitting method on the primal problem and the dual problem.

Another popular splitting method for using two proximal operators is the accel-
erated PDHG method [10, 27] for solving the primal-dual form (P-D).

See [3, 31] for a comprehensive introduction of these first-order algorithms. In
Table 1, we list several popular first-order algorithms that are used in our numerical
tests to solve the optimization problem (D) (or in the form of (3.4)) and (P-D).

3.4. FISTA with restart on the dual. It is, however, inefficient to directly
apply (3.10) to the problem (2.10). The main technical difficulty is the computation
cost of the proximal operator for 15 (Bc — b) as a function of ¢. The proximal op-
erator of an indicator function is the projection operator to the domain it indicates.
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The domain {c : Bc —b > 0} is usually a high-dimensional hyperpolygon defined
by the linear inequalities. Although methods such as Dykstra’s algorithm [6] can be
used, the additional computational cost is undesired. We refer readers to [34] for
a projection-based method for structure-preserving polynomial approximations. To
circumvent the difficulty, we take advantage of the linear constraints and consider the
equivalent dual problem (3.4). This allows us to compute the proximal operator of a
simple function with a closed-form formula for each step.

Remark 3.1. Here we remark that the primal form (2.10) is in the space of RV,
while the dual form is in R¢. In practice, especially in high dimensions, we expect
N > C. Thus the dual problem could significantly reduce the computational cost. For
example, for a nonnegative polynomial approximation, when d is large, the cardinality
of polynomial space N can be exceedingly large even when polynomial order n is very
small. However, in practice, usually only a small set of discrete samples is needed to
enforce the positivity, e.g., positivity is needed only at certain locations of interest,
thus C < N.

Since the function G*(u) in (3.4) is quadratic with respect to u, the derivatives
and proximal operators can be written explicitly as

(3.12) VG*(u) = — (BK'BTu - BK'z) + b,

QI+

-1
(3.13) prox},. (u) = (I + 1BKTBT) {u Y (IBKTZ - b)} .
« [0

Since h*(u) in (3.4) is an indicator function on the negative half-space of R® its
proximal operator is simply the cut-off operator:

(3.14) prox;.(u) = (min{ui70})g’;1 .

Now the FISTA method can be efficiently implemented on the dual problem (3.4).
In practice, the FISTA method can be further accelerated by various restarting strate-
gies [25, 3], which is accomplished by reiterating the sequence t; from the starting
point ¢ after some iterations. The simplest restarting scheme is to repeat the standard
FISTA algorithm (3.10) with a fixed frequency.

Here, we consider the following two criteria in [25]:

(A) 9(xxk) > g(xk-1),
(B) (Vg (ye-1)]" (xx — x—1) >0.

The FISTA with adaptive restart, hereafter referred to as r-FISTA, usually achieves
much faster convergence than the standard FISTA [3]. In our numerical tests, the
r-FISTA applied to the dual problem is superior to all the methods listed in Table 1
using the same step size.

Then our main algorithm is to apply FISTA with adaptive restart (r-FISTA) on
the dual problem (D), which results in an optimization in R”. After obtaining the
minimizer u*, we recover the primal minimizer ¢* by the primal-dual relation:

1

(3.15) Kc* = —(z — BTu").
«

We summarize the above algorithm in Algorithm 3.1.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/29/25 to 128.146.189.108 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

AR74 YUAN CHEN, DONGBIN XIU, AND XIANGXIONG ZHANG

Algorithm 3.1 Solve (D) by FISTA with adaptive restart.

Input: Matrix ¥,, B; Vectors f, b; Constants «, 1 (step size). Functions G*(u),
VG*(u); Stopping criteria S. Use condition (A) for restart.
Output: The basis coefficients c.
1: Compute K=91¥, K z=aoW¥Tf;
2: Initialize up =u; =p1, t1 =1, k=1,
3: while (S = FALSE) do

4: upyr =min(pr —nVG*(pr),0);
5 tp— 1+ ;+4t§;
6: PpPrr1=ugt tt’;: (Upq1 — ug);
7. if G*(ugy1) > G*(uy) then
8: tht1=1;
9: end if

10 k=k+1;

11: end while
12: c=K'(z— BTu)/a.

We briefly discuss the computational cost of the proposed method. As a prepa-
ration step, the matrix BKTB” of size C x C and two vectors B(K")Tz, b of size
C x 1 need to be computed and stored. Within each iteration of Algorithm 3.1, it
costs O(C?) flops. As to the convergence rate, we mention some classical results of
FISTA for convex optimization in the next subsection. In particular, for the problem
(3.4), the convergence rate of first-order methods is related to the ratio between the
Lipschitz constant of G* and the strong convexity parameter of the cost function.
Since G* is quadratic, such a ratio is naturally related to the condition number of the
matrix BKTB7T. It is also interesting to explore its performance dependency on the
parameters, such as the number of constraints C', number of approximation points K,
polynomial order n, and, most importantly, the dimension d. However, it is difficult
to conduct such an analysis, as the properties the Vandermonde-like matrix ¥, de-
pend critically on the geometric distribution of the samples x;,...,xx. Consequently,
we rely on numerical testing in section 4. Through numerical tests in both low and
high dimensions, we discover that the number of iteration steps required for numerical
convergence satisfies k ~ O(C). Under this condition, the proposed Algorithm 3.1 has
computational complexity O(C?) and requires O(C?) storage of real numbers.

The cost of computing matrices ¥,, K, K' grows dramatically as dimension d
increases. This is due to the cardinality of the polynomial space N ~ d™/n! for large
d. However, these computations need to be done only once and can be efficiently
implemented in parallel, e.g., on modern graphics processing units. In our numerical
tests in section 4, the number of iterations needed for convergence does not increase
when dimension d increases. When N dramatically grows, the matrix B of the size
of C' x N becomes larger, but the size of BKTB” does not grow much when we use a
mild number of constraints C'.

3.5. The convergence rate of FISTA methods. The standard FISTA method
has the following provable O(1/k?) convergence rate when applied to problem (3.4).
By [3, Theorem 10.34], we have the following.

THEOREM 3.2. Let {uy}, -, be the sequence generated by FISTA (3.10) for solving
problem (3.4). Then for any k> 1,
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Algorithm 3.2 Solve (D) by FISTA with a fixed restarting frequency N.

Input: Matrix ¥,, B; Vectors f, b; Constants «, 1 (step size). Functions G*(u),
VG*(u); a fixed restarting frequency N.
Output: The basis coefficients c.
1: Compute K=91¥, Ki z=aoW¥Tf;
2: Initialize up =u; =p1, t1 =1, k=1,
3: while (S = FALSE) do

4: upyr =min(pr —nVG*(pr),0);
5 tp— 1+ ;+4t§;
6: PpPrr1=ugt tt’;: (Upq1 — ug);
7. if K mod N =0 then
8: tht1=1;
9: Pkt1=Upi1;

10:  end if

11:  k=k+1;

12: end while
13: c=K'(z—BTu)/a.

2L HuO —u|
(k+1)2 7

where L is the mazimum eigenvalue of the matrizc BKTBT | and F(u) := G*(u)+h*(u)
is the objective function defined in (3.4) with optimal solution u* and optimum Fypy.

}?(11k)‘7 Egptfg

FISTA with a fixed restarting frequency is described in Algorithm 3.2.

With a stronger assumption on the matrix BKB”, FISTA with a fixed restarting
frequency can be proven to converge linearly when applied to (3.4). By [3, Theorem
10.41], we have the next theorem.

THEOREM 3.3. Suppose the matric BKTBT is positive definite, and denote the
manimum and mazimum eigenvalues of BKTBT by v and L and the condition number
by k:=L/p. Let {ug}r>o be the sequence generated by the restarted FISTA method
employed with a fived restarting frequency N = [v/8k — 1]; then for any k > 0, the
following convergence result holds:

Llu® —u*|® /1\*
F(uk)_FoptS || 9 || <2> )

where F(u) := G*(u) + h*(u) is the objective function defined in (3.4) with optimal
solution u* and optimum Fopy.

To implement this fixed-frequency restarting FISTA method, one has to choose
the period that requires prior knowledge of condition number k, which may not be
available due to either lack of information or ill-conditioning of the system. The
adaptive restart [24, 25] mitigates this issue by reiterating the sequence t; when a
certain criterion is met.

Remark 3.4. When condition number k is known, one can improve standard
FISTA by choosing an optimal step size instead of restarting. It is achieved by re-
placing %=1 by constant ﬁ;i in (3.10). This method, referred to as v-FISTA, can

tht1
also achieve a provable linear convergence rate O((1 — ﬁ)k ) given a strongly convex
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objective function [3]. However, v-FISTA behaves worse than r-FISTA in our experi-
ment due to the ill-conditioning system, which will be shown in numerical examples.

4. Numerical examples. In this section, we present several numerical examples
to demonstrate the effectiveness of our proposed method. In all of our numerical tests,
we use Legendre polynomials for the basis. The constants in Algorithm 3.1 are set
to be a =100, 7 = a/|0pax (BK'BT)|, where opqy is the maximum eigenvalue. In our
test, we use the following stopping criteria (i.e., S in Algorithm 3.1):

1. Convergence of primal variable: [cx —cx_1][, <1 x 107!, Note that this is
at the machine accuracy level.
2. Satisfaction of constraints: Bcy > b.
The dimensions of our examples include low dimensions d = 1, d = 2, intermediate
dimension d =10, and high dimensions d =100, d = 200.

We consider the following functions as testing. In one dimension (d = 1), we

consider the following 3 functions:

101 1 1
41 function : =00\ T 7002 707 )’
(4.1) Runge function: fi(x) 100 <1+ 10022 101) ’

1
(4.2) Truncated sine function: fa(x) = [sin <7r(x2+)> - sin(O.Gw)} 1ii2)<0.2};
(4.3) Simple indicator function: f3(z) = 1,0y,

where 1 is the indicator function on set €2,

1, z€Q

la(e) = {0 S

In multidimension (d > 1), we test the following 3 functions [17] that have been widely
used for multidimensional function approximation:

d 2
i+1
(4.4) Gaussian peak function: f;(x) =exp (— E o? (I ;_ — Wi) ) ;

=1
)?

The parameters o; and w;, ¢ = 1,...,d, are designed to control the behavior of
functions and are specified in each example.

xl—&—l

Wi

d
(4.5) Continuous peak function: f5(x) = exp < Zal
i=1

—(d+1)
i+ 1
(4.6) Corner peak function: fs(x (1 + Z (: ;_ )> .

4.1. One-dimensional examples. For one-dimensional cases, the domain of
approximation is set to be D =[—1,1]. The samples for approximation x; are chosen
to be Chebyshev nodes with the number of samples K = 50. The behavior of our
proposed method is very similar in all the examples, so we only present a subset of
the test results.

4.1.1. Runge function. We first consider the scaled Runge function f (z) [30],
which is positive. When the polynomial degree is large, its standard polynomial
approximation produces oscillations around the edge, resulting in undesirable negative
values. We take equidistant grid points, on which we enforce the positivity constraints,
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- -FISTA w/ restart - -FISTA w/ restart

— fi(z) | |[—fi(@)
-« L% projection ] 0.8 \ |- L? projection
Zero Line
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Zero Line

0.6

0.4+
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Fi1G. 1. The approzimated polynomials for fi(z) (4.1) with positivity constraints for n = 10
(left), n =20 (right). The positive approzimation is found via solving (P) by restarted FISTA on
(3.4). (Color figures are available online.)

— Constrained o — Constrained
Unconstraine 30l Unconstrained ||
n o -'
10 £ 251 1
=
&0
[
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| [
= D151 |
=
=]
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210t 1
1072 -
5t 1
L L L 0 i
0 10 20 30 40 0 10 20 30 40
Polynomial Order n Polynomial Order n

FiG. 2. Comparasion for unconstrained approzimation (L? projection) and nonnegativity con-
strained approzimation for fi(x) (4.1). The convergence with respect to polynomial order (left) and
percentage of negative points in 201 nonnegativity enforced sample points (right).

ie,y,=—1+ 215/3:11), i=1,..., M. Following the notation in section 2.2, the matrix
B = ¥, is generated by the samples y;, ¢ = 1,..., M, and number of constraints

C = M. For finding a positive approximation, we take b =0 + ¢, with e =107°. The
results for polynomial orders n = 10,20 with M = 201 are in Figure 1. Compared with
L? projection (red dotted line), our approximation (blue dashed line) could almost
preserve positivity on the domain. We test the convergence rate for approximation
error ||f — f|l2 with respect to polynomial order in Figure 2. It is observed that
both unconstrained estimation and constrained estimation converge at an exponential
rate. The constrained error is slightly larger than the unconstrained error when the
polynomial order is small, while this difference is eliminated as the polynomial order
gets larger. The positivity constraints limit the optimality of approximation. As the
polynomial degree increases, L? estimation suffers less from the positivity issue and
becomes close to the constrained estimation. This conclusion is also reflected in the
percentage of negativity points out of the 201 constraint points, presented on the right
of Figure 2.

We also conduct tests for f; with different settings of nonnegativity-enforcing
points. We test 3 sets of points: equidistant, Chebyshev, and uniformly distributed
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02 0.2 - - 0.2

F1G. 3. The approzimated polynomials for fi(x) (4.1) with positivity constraints for n = 20
with M =31 equispaced (left), Chebshev (middle), and random (right) constraint points. The areas
enclosed by the dotted line are zoomed in for detailed presentation.

0.05 : 0.0 ‘ . :
- -FISTA w/ restart or # |- -FISTA w/ restart||
— fa(@) — fa(z)
0.04 1 - L% projection I 0.04 - L% projection
0.03+ 0.03+
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0.01+ 0.01+ ] b
! o
k kY
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-0.01 - - - -0.01
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F1G. 4. The approzimated polynomials for fa(x) (4.2) with positivity constraints forn =75 (left),
n =20 (right). The positive approzimation is found via solving (P) by restarted FISTA on (3.4).

random points with M = 30. The approximated polynomials are shown in Figure 3. It
can be observed that the difference in the approximations is marginal. Though these
approximated polynomials are guaranteed to be nonnegative on the enforced points,
it is still impossible to obtain nonnegativity on all z € D. This is also illustrated in
Figure 3. In the figure, some violations can be seen in the area marked by dotted
lines, which are zoomed in for clear presentation.

4.1.2. Truncated sine function. The truncated sine function fo(x) (4.2) is a
nonsmooth, nonnegative function in a bounded domain. We follow the same technical
setting as fi(z) and seek a positive approximation. The results are shown in Figure 4
for polynomial orders n =15 with M =101 and n =20 with M = 201.

We conduct further examination of the proposed method using this example. As
mentioned in section 3, FISTA with adaptive restart is not the only choice, so we
show the comparison of convergence of several algorithms. The algorithms we com-
pared include the accelerated PDHG method [10, 27] for primal-dual problem (P-D),
and the projected gradient method, FISTA without restart, and Douglas—Rachford
splitting [22] for dual problem (D). The schemes used in our experiment are shown
in Table 1. The convergence of these methods for the case n = 20 is presented in
Figure 5. Asymptotic linear convergence is observed for all the methods with dif-
ferent rates except accelerated PDHG. Our proposed method, FISTA with restart,
converges to the round-off error in around 600 iterations with the highest asymptotic
rate. The effectiveness of adaptive restart could be observed through comparison
to FISTA without restart. The v-FISTA method behaves even worse than FISTA
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10°, |
L ——TFISTA w/o restart ||
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| 10710 |
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10720
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Iteration number k&

F1G. 5. The comparison of the convergence curve of several methods for approximating fa2(x)
(4.2) with positivity constraints when n = 20. The reference minimizer ¢* is obtained numerically
via restarted FISTA with 5,000 steps. For simplicity, Douglas—Rachford splitting uses the same step
size as the FISTA method. We emphasize that Douglas—Rachford splitting could be much faster if
tuning parameters.

without restart since the system BKBT is ill-conditioned as mentioned in Remark 3.4,
with condition number x ~ O(10'7). We emphasize that in this test the parameter
(step size 1) is not tuned for Douglas—Rachford splitting, which could be much faster
with tuned parameters.

We are also interested in the number of iterations needed for convergence, and
the influence of the following parameters on the performance:

e number of constraints C;

e number of samples used for approximation K;

e polynomial order n;

e dimension d.
In this one-dimensional example, we design tests for the first three parameters. The
tests for dimensions will be presented in the next subsection and Figure 17.

We record the number of iterations needed for restarted FISTA to converge for
each parameter. The results are shown in Figure 6. For C, we keep n =5, K =50 and
test different values of C' from 10 to 1,000. As C' increases, numerically the number of
iterations needed scales like O(C'). For the other two parameters K and n, there is no
significant growth of iteration numbers as these parameters are enlarged. These tests
show that the parameter C' affects the performance the most. This can be partially
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F1G. 6. The required iteration number for restarted FISTA to converge, with respect to the
number of constraints C' (upper left), the number of approzimation samples K (lower left), and
polynomial order n (lower right) for finding a positive approzimation to the function fo(x) (4.2).
The percentage of negative sample points in 10* independent randomly tested samples with respect
to C is shown in the upper right.

explained by a close look at (3.4), where C' affects the dimension of the optimization
problem while K and n only affect the condition.

Then another question is how C would affect the effectiveness of the positive
approximation. In other words, the proposed method only strictly enforces the posi-
tivity at C chosen points. As C' increases, we expect the minimizer to (P) will give a
polynomial approximation producing fewer points where negative values emerge. We
check the approximation polynomial values at 10* equidistant points on [—1,1] and
compute the percentage of negative point values. For example, assume these test sam-
ples are denoted by z;, i =1,..., L; then we compute |{z;, f(z;) > 0}|/L for different
C from 10 to 1,000. The result is shown in the upper right of Figure 6. We observed
a rapid descent of this percentage. The number of negative points concentrates at 0
for C' > 97, which indicates the polynomial is positive mostly on the whole domain.

4.1.3. A step function. We consider a step function. The polynomial approxi-
mation of this function suffers from oscillations which result in overshoots and under-
shoots. So we consider a bound-preserving approximation using the proposed method.
To achieve it, M = 251 equidistant grid points are used for bound-preserving con-
straints. We set B = [:I’qu] and b = [ °f¢ ]. This enforces the condition 0 < f(y;) <1
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Fi1G. 7. The approzimated polynomial for f3(x) (4.3) with boundedness constraints for n =5
(left), n =30 (right). The bounded approximation is found via solving (P) by restarted FISTA on
(3.4).
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FiG. 8. The contour plots of fa(x) (4.4) (left), L? projection when polynomial order n = 20
(middle), and positive approzimation via solving (P) by restarted FISTA on (3.4) (right). In these
graphs, positive values are marked in blue, negative values are marked in red. A few contour lines
are drawn using black solid (zero value) and dashed (a few negative values) lines.

for each y;, i = 1,...,M = 251. The results for n = 5 and n = 30 are shown in
Figure 7. It is observed that our approximation could almost preserve boundedness.

4.2. Two-dimensional examples. In this section, we consider approximating
two-dimensional functions. The domain is set to be D = [-1,1] x [-1,1]. We use
31 x 31 uniform rectangular grids for the approximation points x;, thus K = 961.

4.2.1. Gaussian peak function. We set 01 =05 =10 and w; = w2 =0.5 in the
formula (4.4). A smooth peak could be observed in the contour plot; see Figure 8.
Standard L? approximations around this peak will lead to negative oscillations. To
construct positivity-preserving polynomial approximation, we randomly sample 3,000
points from uniform distribution and enforce the positive conditions on these points.
The results with n = 20 are shown in Figure 8. In these contour plots, blue and red
are used to indicate positive and negative values, respectively. A few contour lines are
also shown in the graph in black. It is clear to see that negative values occur widely
around the peak of standard L? approximations. The approximation of our method
shows a significant improvement.

4.2.2. Continuous peak function. With the same condition as fy(x), we
tested the performance of f5(x). The parameters are similarly set to be o1 = 09 =
10 and wy; = wy = 0.5. This function has a nonsmooth peak around the origin.
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Fic. 9. The contour plot of f5(x) (4.5) (left), L? projection when polynomial order n = 20
(middle), and positive approzimation via solving (P) by restarted FISTA on (3.4) (right). In these
graphs, positive values are marked in blue, negative values are marked in red. A few contour lines
are drawn using black solid (zero value) and dashed (a few negative values) lines.
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FiG. 10. The contour plots of fe(x) (4.6) (left), L? projection when polynomial order n = 20
(middle), and positive approzimation via solving (P) by restarted FISTA on (3.4) (right). In these
graphs, positive values are marked in blue, negative values are marked in red. A few contour lines
are drawn using black solid (zero value) and dashed (a few negative values) lines.

The contour plots of the function f5(x), L? approximation, and the approximation
using our methods are shown in Figure 9. We observed negative values for standard
L2 projection around the four edges of the domain, especially on the four corners.
This is significantly improved with our method.

4.2.3. Corner peak function. We now consider the example fg(x) with pa-
rameters o1 = o9 = 20. This function is called “corner peak” because its value is
concentrated in the lower left corner of the domain; see the left of Figure 10. With
standard L? approximation, it exhibits a large area of negative values along the di-
agonal of the domain D (middle of Figure 10). This can be improved significantly by
the proposed method, with positivity enforcement on a set of 3,000 randomly sampled
points from U(D). The result is on the right of Figure 10.

4.3. High-dimensional examples. We present results in dimensions d > 3,
including the immediate dimension d =10 and high dimensions d =100, d = 200. We
only focus on the Gaussian function f4(x) on domain D = [~1,1]¢. We will examine
the results with several metrics. One is the approximation error in L? norm. That is,

L
(@7 17 = Tl = | 7 S 0) = Fea)2

|
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Fi1G. 11. Comparasion of the estimated approzimation error (4.7) (left) and percentage of nega-
tive sample points (right) with respect to the number of constraints C for 10-dimensional fa(x) (4.4)
using restarted FISTA at polynomial orders n = 3,4,5,6,7,8. These quantities are computed based
on 5,000 independent randomly tested samples.
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Fic. 12. The comparison of the convergence curve of several methods for approximating 10-
dimensional fi(x) (4.4) with positivity constraints when m = 3. The reference minimizer c* is
obtained numerically via restarted FISTA with 5,000 steps. For simplicity, Douglas—Rachford split-
ting uses the same step size as the FISTA method. We emphasize that Douglas—Rachford splitting
could be much faster if tuning parameters.

where z;, i =1,..., L, are sampled uniformly in the domain. These points are different

from the ones used for function approximation. Another metric is the percentage of
negative points, which has been defined and used in one-dimensional examples.
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4.3.1. Dimension 10. We consider the case d = 10. The parameters of f4(x)
are set as 0; = 10, i =1,2,...,10. To approximate this function, we use K = 2,000
random generated samples points. The orders of the polynomial approximations are
n=3,4,5,6,7,8, with the corresponding cardinality of the polynomial spaces N = 286,
1,001, 3,003, 8,008, 19,448, and 43,758, respectively. The points to enforce positivity
are randomly sampled with sizes from C' = 20 to 12,000. To evaluate the performance,
we sample another L = 5,000 points to compute the approximated L? error and
percentage of negative points. The results are shown in Figure 11. It can be seen
that the percentage of the negative points converges to 0 as the number of positivity
enforcing points C' increases. The approximation errors do not vary too much with
respect to C, staying within the range of 2 x 1076 ~ 1.2 x 107°. Its magnitude first
grows as C' increases, and then converges as C' becomes larger. For large C', we do
not observe a significant difference among the approximation errors at the chosen
polynomial orders.

In Figure 12, we show a comparison of the proposed method with other splitting
algorithms for the case of n = 3 and C' = 1,000. We observe superior convergence
of the proposed method. We are also interested in the number of iterations needed
for the proposed FISTA with restart, shown in Figure 13. An approximately linear
growth w.r.t. C is observed, similar to the one-dimensional case. It is observed
that polynomials with larger orders usually need fewer steps to converge because the
condition of matrix B is better.

10°

10%

10%

Number of Iterations for Convergence
—
(e}

10! 102 103 10*

F1c. 13. The number of iterations needed for restarted FISTA to converge for 10-dimensional
fa(x) (4.4) with respect to number of constraints C given polynomial order n=3,4,5,6,7,8.
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4.3.2. Dimensions of 100 and 200. In this section, we provide the approxi-
mation results for fg(x) at polynomial order n =2 in dimensions d = 100 and d = 200,
where the cardinality of the polynomial spaces is N = 5,151 and N = 20,301, re-
spectively. We use K = 3,000 random sample points for the approximation and
another 5,000 independent random samples to evaluate the results. The results are in
Figures 14, 15, and 16. It is observed that only a few hundred iteration steps are
needed for convergence for the number of positivity constraint points C' ~ 102 in
these high-dimensional examples.

4.3.3. Effect of dimensionality. Finally, we examine the impact of dimension-
ality on the convergence. We conduct tests for fg(x) with 2,000 random approximation
points and 2,000 random constraint points, for dimensions from 2 to 280. The num-
bers of iterations needed for restarted FISTA to converge are shown in Figure 17. We
observe that, at least for this test, the number of iterations needed for the proposed
FISTA with restart of high dimensions (d > 100) is significantly smaller than that of

107°+

1077+

If = Flo
If = Fllz.

106 . . 107°t o . . . ]
10! 10? 10° 10* 10! 10? 10° 10* 10°
C C

Fi1G. 14. The estimated approzimation error (4.7) for 100-dimensional (left) and 200-
dimensional (right) fa(x) (4.4) with respect to the number of constraints C' using restarted FISTA
when polynomial orders n =2. The errors are computed based on 5,000 independent randomly tested
samples.
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F1c. 15. The percentage of negative sample test points of restarted FISTA method (based on
5,000 independent randomly tested samples) for 100-dimensional (left) and 200-dimensional (right)
fa(x) (4.4) with respect to the number of constraints C when polynomial orders n=2.
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Fic. 16. The number of iterations needed for restarted FISTA to converge for 100-dimensional
(left) and 200-dimensional (right) fi(x) (4.4) with respect to the number of constraints C when
polynomial orders n = 2.
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F1G. 17. The number of iterations needed for restarted FISTA to converge for fi(x) (4.4) with
respect to the number of dimensions using polynomial orders n =2, number of approximation points
N =2,000, and number of constraints C' = 2,000.

lower dimensions. This is explained by the fact that the condition of matrix BKTB”
is better when d gets larger, with C' remaining unchanged. Moreover, the iteration
number is not sensitive to the dimensionality beyond d = 100.
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5. Conclusion. In this paper, we have proposed a convex optimization-based
computational framework for approximating a function in high dimensions by polyno-
mials with nonnegative and bound-preserving constraints. In particular, the restarted
FISTA method applied on a proper dual problem can be easily implemented and scales
well with the problem size. Numerical tests have verified the effectiveness of the
method for problems in a few hundred dimensions. Future work consists of exploring
how to design optimal parameters such as the step size for Douglas—Rachford splitting
to achieve faster convergence and lower cost than the restarted FISTA method.
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