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Abstract. We present a numerical method for learning the dynamics of slow
components of unknown multiscale stochastic dynamical systems. While the

governing equations of the systems are unknown, bursts of observation data

of the slow variables are available. By utilizing the observation data, our pro-
posed method is capable of constructing a generative stochastic model that

can accurately capture the effective dynamics of the slow variables in distribu-
tion. We present a comprehensive set of numerical examples to demonstrate

the performance of the proposed method.

1. Introduction. Many mathematical models are established based on complex
dynamics with multiple time scales. Understanding and simulating such systems are
challenging due to the separation of the scales. One common approach is to establish
effective equations, also known as averaged equations, for the slow processes by
averaging out the fast variables with respect to their invariant measure, cf. [33, 23].
Another popular way resorts to identifying and modeling certain low-dimensional
quantities to represent the dynamics, for example, invariant manifolds [18, 39],
transition pathways [20], reaction coordinates [12], etc. More recently, efforts have
been made to directly model the observables using data driven approaches. See, for
example, [17, 21, 43, 3, 46].

The focus of this paper is on numerical modeling of the effective dynamics of
unknown slow-fast multiscale stochastic dynamical systems. More specifically, we
assume that observation data of the slow variables are available, while the governing
equations for the systems may not. The goal is to construct a numerical model that
can accurately capture the slow dynamics, which in turn enables system analysis
and prediction of the stochastic dynamics. The proposed method falls into a broader
area of discovery of dynamics from observational data, which has attracted growing
attention in recent years. Most of the methods focus on deterministic systems,
cf. [37, 38, 2, 24, 30, 36, 11]. For stochastic systems, the presence of noises poses
new challenges to the design of effective data-driven methods. Several methods
have been developed by using Gaussian processes ([44, 1, 13, 29]), or deep neural
networks (DNNs) [6, 42, 7, 45, 15], etc. More recently, a framework of stochastic flow
map learning ( [8]) was proposed. By using generative machine learning models,
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the approach was shown to be highly effective in modeling unknown stochastic
dynamical systems.

The framework of sFML is an extension of FML (flow map learning, cf. [36]) for
modeling deterministic systems. The FML approach utilizes data to learn the flow
map between state variables recorded on consecutive time steps. Originally devel-
oped to learn unknown autonomous dynamical systems, it was extended to learning
nonautonomous dynamical systems [34], parametric systems [35], PDEs [10, 40],
as well as systems when only a subset of state variables are observed [22]. For
unknown stochastic systems, the sFML approach incorporates a generative model
in the learned flow map operator, such that the operator becomes stochastic and a
weak approximation (in distribution) to the true stochastic flow map. Different gen-
erative models can be incorporated, for example, Generative Adversarial Networks
(GANs) [6], auto-encoders [41], and normalizing flows [9].

In this work, we adopt the sFML approach for learning the dynamics of the
learning slow variables in multiscale stochastic dynamical systems. Once success-
fully constructed, the sFML model generates stochastic trajectories of the slow
state variables for arbitrarily given initial conditions. The learned sFML model is
a weak approximation (in distribution) to the true and unknown slow dynamics.
Consequently, our model serves as an effective model for the slow dynamics, con-
structed by data of the slow variables but not the fast variables. Unlike [22, 25] for
deterministic dynamical systems with missing variables, our sFML model does not
require memory terms. This owes to the distinctive feature of multiscale stochastic
dynamics — fast variables are quickly incorporated into (“slaved to”) the dynamics
of the slow variables, in the form of statistics, which independently contributes to
the distribution of slow variables. The reduced system formed by only the slow vari-
ables thus becomes approximately Markovain. The impact of the missing dynamics
of the fast variable is diminishingly small and presents itself, at best, as noises. For
the generative model of the sFML model, we utilize conditional normalizing flow
(cf. [31]) model to approximate the stochasticity of the slow system. Other kind of
generative models can also be considered in the sFML model, as shown the [8, 41, 9].

2. Setup. Let Ω be an event space and T be a finite time horizon, we consider a
d-dimensional stochastic system uε : Ω× [0, T ] 7→ Rd. The state variables u can be
separated into slow variables x ∈ Rℓ and fast variable y ∈ Rd−ℓ, and are driven by
an unknown stochastic differential equations:





dxε
t = f (xε

t ,y
ε
t ) + σ(xε

t ,y
ε
t )dW

1
t ,

dyε
t =

1

ε
g (xε

t ,y
ε
t ) +

1√
ε
β (xε

t ,y
ε
t ) dW

2
t ,

(1)

where f and σ, g and β are drift and diffusion functions, Wi
t are (independent) mi-

dimensional Brownian motions, m1 +m2 ≥ 1. The parameter 0 < ε ≪ 1 measures
the separation of time-scale in the system. We emphasize that the form of equations
as well as the Brownian motion noises are unknown.

2.1. Objective. Although (1) is unknown, in the sense that the functions f , σ,
g and β are unknown, we assume that historical data of the slow variable xε

t are
available. More specifically, let t0 < t1 < ... be discrete time instants. We observe
NT ≥ 1 pieces of time history data of the slow variables xε

t :(
xε(t

(i)
0 ),xε(t

(i)
1 ), ...,xε(t

(i)
Li
)
)
, i = 1, 2, ... (2)
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where for simplicity we assume a constant time lag ∆ = ti − ti−1 ∼ O(1) and the
length of all pieces of data is the same, Li = L, ∀i. We remark that data of the fast
variables are not required in this work.

Our goal is to construct a numerical model involving only the slow variables
xε
t for the dynamics of the slow variables of the multiscale system (1), without

the involvement of the fast variables yε
t . The model predictions x̂ shall be an

approximation, in distribution, to the true (and unknown) slow dynamics, i.e.,

x̂(ti;x0)
d≈ xε(ti;x0), i = 1, 2, ... (3)

for arbitrarily given initial condition x0.

2.2. Related work. The current work is an extension of the FML (flow map learn-
ing) methodology for modeling deterministic unknown dynamical systems and its
stochastic extension sFML for modeling unknown stochastic dynamical systems.

For an unknown deterministic autonomous system, dx
dt = f(x), x ∈ Rd, where

f is unknown. The FML framework seeks to approximate the unknown flow map
xn = Φtn−ts(xs) by using historical trajectory data. Specifically, FML method fits
a model

xn+1 = Φ̃∆t(xn),

where Φ̃∆t ≈ Φ∆t is a numerical approximation of the true flow map. Once trained,
the FML model can be used as a time-marching scheme to predict the system
response under new initial conditions. This framework was proposed in [36], with
extensions to parametric systems [35], partially observed dynamical systems [22],
as well as non-autonomous deterministic system [34].

For learning stochastic dynamics, dx
dt = f(x, ω(t)), where ω(t) represents an un-

known stochastic process driving the system. The work of [8] developed stochastic
flow map learning (sFML). Assuming the system satisfies time-homogeneous prop-
erty P(xs+∆t|xs) = P(x∆t|x0), s ≥ 0 (c.f. [28]), the method uses observation data
on the state variable x to construct a one-step generative model

xn+1 = G∆t(xn; z),

where z is a random variable with known distribution (e.g., standard Gaussian).
The function G, termed stochastic flow map, approximates the conditional distri-
bution G∆t(xs; z) ∼ P(xs+∆t|xs). Subsequently, the sFML model becomes a weak
approximation, in distribution, to the true stochastic dynamics. Different generative
models can be employed under the sFML framework, e.g., generative adversarial
networks (GANs) [8], autoencoder [41], etc. Recently, it was extended to stochastic
systems subjected to external excitation using normalizing flow [9].

2.3. Contribution. The contribution of the current work is on the construction of
data-driven effective model for the slow variables of the multiscale stochastic system
(1). Under the assumption that the fast variables quickly reach their stationary
measure and become “slaved” to the slow variables, we develop a sFML model that
involves only the slow variables for accurate predictions of the effective dynamics
of the original system. Such a modeling approach is highly useful, as in practice
one often only has observation data on the slow variables because the fast variables
are difficult, if not impossible, to observe. The proposed work can be considered as
an extension of the sFML modeling methodology from general stochastic system to
multiscale stochastic system.
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3. Method description. In this section, we describe the proposed method in
detail.

3.1. Mathematical motivation. Let us consider the unknown full system (1)
over a time interval [tn, tn+1], n ≥ 0,

xε
n+1 = xε

n +

∫ tn+1

tn

f(xε(s),yε(s))ds+

∫ tn+1

tn

σ(xε(s),yε(s))dW1
n(s). (4)

For the multiscale system with ε ≪ 1, there exists a time scale τ ∼ O(ε) such that
for t > τ the fast variable y becomes slaved to the slow variable x, i.e.,

yε(t) ≈ y(xε(t)) ∼ Px, t > τ, (5)

where Px is its (conditioned) invariant measure that is a function of x only. There-
fore, on any time scale larger than τ ∼ O(ε), there exists an unknown mapping G
such that

xε
n+1 ≈ G(xε

n, dWn(∆)), (6)

where dWn(s) = (dW1(tn + s); dW2(tn + s)) is the independent increment of the
Wiener process. The above argument is illustrated in Figure 1.

x0

y0

xε
1 xε

2

Gε(x0,y(x0)) Gε(xε
1,y(x

ε
1))

O(ε)

Px0
Pxε

1

Figure 1. Illustration of how the fast variables y quickly become
slaved to the slow variables x in multiscale system.

3.2. Stochastic flow map learning. Since the slow variables x follow the un-
known mapping (6), we now seek to construct a stochastic flow map learning (sFML)
model in the form of a generative model

x̂n+1 = Ĝ(x̂n, zn), (7)

where zn ∈ Rnz is a random variable of known distribution, e.g., a standard Gauss-
ian, nz is the dimension of the random input. Our objective is to ensure this is a
weak approximation, in distribution, to the unknown mapping (6). That is, given
an exact slow variable xε

n, the sFML model shall produce an approximation of the
slow variable tn+1,

x̃ε
n+1 = Ĝ(xε

n, zn)
d≈ xε

n+1. (8)

Note that the approximation is in distribution, a weak form of approximation.
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3.2.1. Learning method and training data. In order to construct the sFML model
(7) satisfying (8), we execute the sFML model for one time step over ∆,

x̂1 = Ĝ(x̂0, z0), (9)

and utilize the data set (2) to learn the unknown operator Ĝ.
To construct the training data, we reorganize the trajectory data (2) into pairs,

separated by the constant time step ∆,
(
xε(t

(i)
k−1),x

ε(t
(i)
k )

)
, k = 1, ...L, i = 1, . . . , NT , (10)

which contain a total of M = NTL such data pairs. We rename each pair using
indices 0 and 1, and re-organize the training data set into a set of such pairwise
data entries, (

x
ε (i)
0 ,x

ε (i)
1

)
, i = 1, . . . ,M. (11)

In other words, the training data set is comprised of M numbers of very short
trajectories of only two entries. Each of the i-th trajectory, i = 1, . . . ,M , starts

with an “initial condition” x
ε (i)
0 and ends a single time step ∆ later at x

ε (i)
1 . The

one-step sFML model (9) is then applied to this training data set to accomplish

x̃ε
1 = Ĝ(xε

0, z0)
d≈ xε

1. (12)

The presence of the random variable z0 enables (9) to be a generative model that
can produce random realizations. Several methods exist to construct stochastic
generative models, e.g., GANs, diffusion model, normalizing flow, autoencoder, etc.
In this paper, we adopt normalizing flow for (9).

3.2.2. Normalizing flow model. Normalizing flows are generative models that can
produce efficient and accurate sampling and density evaluation. A normalizing flow
is designed to transform a simple probability distribution, e.g., a standard Gaussian,
into a more complex distribution by a sequence of diffeomorphisms. Let Z ∈ RD

be a random variable with a known and tractable distribution pZ. Let g be a
diffeomorphism, whose inverse is f = g−1, and Y = g(Z). By using the change of
variable formula, one obtains the probability of Y:

pY(y) = pZ(f(y))|detDf(y)| = pZ(f(y))|detDg(f(y))|−1,

where Df(y) = ∂f/∂y is the Jacobian of f and Dg(z) = ∂g/∂z is the Jacobian of
g. When the target complex distribution pY is given, usually as a set of samples
of Y, one chooses to find g from a parameterized family gθ, where the parameter
θ is optimized to match the target distribution. Also, to circumvent the difficulty
of constructing a complicated nonlinear function g, one utilizes a composition of
(much) simpler diffeomorphisms: g = gm ◦ gm−1 ◦ · · · ◦ g1. It can be shown that
g remains a diffeomorphism with its inverse f = f1 ◦ · · · ◦ fm−1 ◦ fm. There exists
a large amount of literature on normalizing flows. We refer interested readers to
review articles such as [31].

In our setting, we seek to construct the one-step generative model (9) by using the
training data (11) to accomplish (12). We choose z0 to be a ℓ-dimensional standard
Gaussian since the slow variables are in ℓ dimension. Let Tθ be a diffeomorphism
with a set of parameters θ ∈ Rnθ . Our objective is to find θ such that Tθ(z0) follows

the distribution of xε
1 given by the samples {xε (i)

1 }Mi=1 in (11).
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Since the distribution of xε
1 clearly depends on the unknown dynamics starting

at xε
0, we constraint the choice of θ to be a function of xε

0, i.e.,

θ = N(xε
0; Θ), (13)

where N is a DNN mapping with trainable hyper-parameters Θ. This effectively
defines

xε
1 = TN(xε

0;Θ)(z0), (14)

where the diffeomorphism T is parameterized by the trainable hyper-parameters Θ
of the DNN. Let S = T−1 be the inverse of T. We have z0 = SN(xε

0;Θ)(x
ε
1). The

invertibility of T allows us to compute:

p(xε
1|xε

0;Θ) = pz0

(
SN(xε

0;Θ)(x
ε
1)
) ∣∣detDTN(xε

0;Θ)(SN(xε
0;Θ)(x

ε
1))

∣∣−1
. (15)

The hyperparameters Θ are determined by maximizing the expected log-likelihood
(15), which is accomplished by minimizing its negative as the loss function,

L(Θ) := −E(xε
0,x

ε
1)∼pdata log(p(x

ε
1|xε

0; Θ)),

where pdata is the distribution from the training data set (11) and computed as

L(Θ) = −
M∑

j=1

log
(
p(x

ε (j)
1 |xε (j)

0 ; Θ)
)
. (16)

Several designs for the invertible map T have been developed and studied ex-
tensively in the literature. These include, for example, masked autoregressive flow
(MAF) [32], real-valued non-volume preserving (RealNVP) [16], neural ordinary
differential equations (Neural ODE) [5], etc. In this paper, we adopt the MAF ap-
proach, where the dimension of the parameter θ in (13) is set to be nθ = 2ℓ, where
ℓ is the dimension of the slow variables. For the technical detail of MAF, see [32].

3.3. DNN model structure and system prediction. An illustration of the
proposed sFML model structure can be found in Figure 2. This is in direct cor-
respondence of (14). Minimization of the loss function (16), using the data set
(11), results in the training of the DNN hyperparameters Θ. Once the training is
completed and Θ fixed, (14) effectively defines the one-step sFML model (9):

x1 = TN(x0)(z0) = Ĝ(x0, z0),

where we have suppressed the fixed parameter Θ.
The sFML system then produces the system prediction iteratively, for a given

initial condition of the slow variable xε
0,{

x̂ε
0 = xε

0,

x̂ε
n+1 = Ĝ(x̂ε

n, zn), n ≥ 0,
(17)

where zn are i.i.d. ℓ-dimensional standard normal random variables. Courtesy of
the construction requirement (8), the sFML prediction is expected to be a weak

approximation in distribution to the true stochastic dynamics, i.e., x̂ε
n

d≈ xε
n, n ≥ 0.

We remark again that the sFML model (17) requires only the slow variables. The
fast variables are not required during both the training and the prediction of the
model. Therefore, the sFML model (17) is an effective model for the evolution of
the slow variables of the original (unknown) multiscale stochastic dynamical system
(1).
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z

x̂0 N

T x̂1

Figure 2. The DNN model structure for the proposed normalizing
flow sFML method (14).

4. Numerical examples. In this section, we present several numerical tests to
demonstrate the performance of our proposed method. The examples include a
skew product SDE, an exponential mean OU process, followed by 3 3-dimensional
nonlinear SDEs. In all the examples, the true SDE systems are known. However,
the known SDEs are used only to generate the training data set (11). We solve
the true systems by Euler-Maruyama method with a time step 10−4. The “initial
conditions” x0 in (11) are sampled uniformly in a given domain, specified in each
example.

In our sFML model, Figure 2, the DNN has 3 layers, each of which with 20 nodes,
and utilizes tanh activation function. We employ cyclic learning rate with a base
rate 3 × 10−4 and a maximum rate 5 × 10−4, γ = 0.99999, and step size 10, 000.
The cycle is set for every 40, 000 training epochs and with a decay scale 0.5. In
our examples, the DNN training is usually conducted for 200, 000 ∼ 300, 000 epochs
and batch size is taken 30, 000 ∼ 40, 000.

4.1. A skew product SDE. We first consider the following 2-dimensional sto-
chastic dynamics mentioned in Section 10 of [33],





dx

dt
=

(
1− y2

)
x,

dy

dt
= −α

ε
y +

√
2λ

ε

dWt

dt
,

(18)

where the parameters are set as α = 1.0, λ = 2.4, and ε = 0.005 . The fast
variable y is an Ornstein-Uhlenbeck (OU) process, which has a Gaussian stationary
distribution with mean 0 and variance λ/α. Notably, this distribution does not
depend on the slow variable x. The training data set (11) is generated by uniformly
sampling (x0, y0) in (−1.5, 2) × (−1, 1.6) and solved for up to T = 1.0. A total of
M = 40, 000 trajectory pairs are used in the training data set (11), where the time
step ∆ is taken 0.01. A simulation of the full system is illustrated on the left of
Figure 4.1.
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Figure 3. Sample trajectories of Example 4.1 slow variable with
initial condition x0 = 1.5 and y0 sampling from stationary distri-
bution. Left: ground truth; Right: Simulation using the trained
sFML model.
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Figure 4. Left: One simulated sample of full system of Example
4.1 with initial condition x0 = 1.5 and y0 sampling from stationary
distribution. Right: Comparison for mean and standard deviation
(STD) of ground truth and learned sFL model for the slow variable.

Once the sFML model (7) is trained, we conduct system predictions up to
T = 4.0, which requires 400 time steps. In Figure 4.1, we compare some sam-
ple trajectory paths produced by the ground truth (left) and the learned sFML
model (right), with an initial condition x0 = 1.5. (For the ground truth, y0 is
sampled from the stationary distribution. For the sFML model, y0 is not required.)
We observe the two sets appear visually similar to each other. To further validate
the accuracy of sFML method, we compare the mean and standard deviation of the
solution averaged over 10, 000 trajectories. The sFML model predictions are shown
in the right of Figure 4.1, along with the reference ground truth. Good agreement
is observed.

4.2. An exponential mean OU process. We consider the 2-dimensional sto-
chastic dynamics 




dx

dt
= 1− x+ y,

dy

dt
=

1

ε
(e−x − y) +

√
2

ε

dWt

dt
.

(19)
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Conditioned on the slow variable x, the fast variable y is an OU process and even-
tually converges to a Gaussian stationary distribution with a mean e−x and unit
variance.

The training data set is generated with (x0, y0) uniformly sampled from (−1.5, 2)×
(−4, 4). We set ε = 0.001 and simulate the full system with termination time
T = 1.0 with ∆ = 0.01. An illustration of the full system can be viewed on the left
of Figure 4.2. A total of M = 40, 000 trajectory pairs are used in the training data
set (11).
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Figure 5. Sample trajectories of Example 4.2 slow variable with
initial condition x0 = 1.5 and y0 sampling from stationary distri-
bution. Left: ground truth; Right: Simulation using the trained
sFML model.
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Figure 6. Left: One simulated sample of full system of Example
4.2 with initial condition x0 = 1.5 and y0 sampling from stationary
distribution (conditioned on x0). Right: Comparison for mean and
standard deviation (STD) of ground truth and learned sFL model
for the slow variable.

With the well-trained sFML model, we compare some sample trajectory paths
produced by the ground truth (left) and the learned sFML model (right) in Figure
4.2. The two sets of samples are visually similar. The mean and STD of the solution
are shown in Figure 4.2. Good agreement is observed for sFML model and reference
ground truth.
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4.3. A triad system. We consider the following 3-dimensional stochastic dynam-
ics





dx

dt
= −2

ε
y1y2,

dy1
dt

= − 1

ε2
y1 +

1

ε
xy2 +

σ

ε

dW 1
t

dt
,

dy2
dt

= − 2

ε2
y2 +

1

ε
xy1 +

σ

ε

dW 2
t

dt
,

(20)

where the parameters are set as σ = 1 and ε2 = 0.001. This system is studied as a
stochastic model for mean flow-wave interaction in barotropic-baroclinic turbulence
[14, 26]. We are interested in the climate (slow) variable x, instead of the weather
(fast) variables y. We plot one trajectory sample of the full system on the left of
Figure 4.3. According to the work of [19], the analytically dervied effective equation
for x is dxt = − 1

2xt +
1√
3
dWt, which indicated that the limiting process of x is a

OU process.
Here we utilize the sFML approach to construct a data-driven effective model

for x. We generate the training data set up to T = 1 with initial condition (x0, y0)
uniformly sampling from (−2, 3) × (−1, 1)2 and time step with ∆ = 0.01. A total
60, 000 trajectory pair data are utilized for training the sFML model.
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Figure 7. Left: One simulated sample of full system of Example
4.4 with initial condition x0 = 1 and y sampling from stationary
distribution (conditioned on x0). Right: Mean and standard devi-
ation (STD) for slow variable.

Once successfully trained, we generate trajectory samples up to T = 5 with
initial condition x0 = 1 using the trained model and compare them with ground
truth. It takes 500 steps to generate data from sFML model. Visual comparison
of the sample paths for x is presented in Figure 4.3, where we observe qualitatively
similar behavior. To further validate the accuracy, we present the comparisons of
mean and STD on the right of Figure 4.3. We observe good agreement between the
sFML model prediction and the ground truth.
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Figure 8. Sample trajectories of Example 4.3 slow variable with
initial condition x0 = 1 and y0 sampling from stationary distribu-
tion (conditioned on x0). Left: ground truth; Right: Simulation of
x using the trained sFML model.

4.4. A 3D nonlinear SDE. We consider the following 3-dimensional stochastic
dynamics inspired by [21],





dx1

dt
= x2 + σ1

dW 1
t

dt
,

dx2

dt
= −x1 − x2 + y2 + σ2

dW 2
t

dt
,

dy

dt
= −1

ε

(
y − 1

4
x1

)
+ σ3

√
2

ε

dW 3
t

dt
,

(21)

where the parameters are set as σ1 = 0.3, σ2 = 0.3, σ3 = 0.1, and ε = 0.001.
The one-dimensional fast variable y is driven by an OU process and evolves to a
Gaussian distribution with a mean 1

4x1 and variance σ2
3 . We plot one trajectory

sample of the full system in Figure 4.4 for a visual illustration.
To train the sFML effective model, we generate the training data set up to T = 1

with initial condition (x0, y0) uniformly sampling from (−1.5, 2.5) × (−2, 1.5) ×
(−0.6, 1) and a time step ∆ = 0.01. A total of 120, 000 trajectory pair data are
utilized for training the sFML model. Once successfully trained, we generate tra-
jectory samples up to T = 8 with initial condition x0 = (1.5, 1.0) using the trained
sFML model and compare them with ground truth. Visual comparison of the sam-
ple paths of the slow variables are shown 4.4. To further validate the accuracy, we
present the comparison of mean and STD in Figure 4.4. And in Figure 4.4, we also
show the comparison of the probability distribution of the solution at T = 2, 4, 6, 8.
We observe good agreement between the sFML model prediction and the ground
truth.

4.5. Multiscale stochastic oscillator. We consider the following stochastic os-
cillator, 




dx1

dt
= λx1 − θx2 − γx1y + σ

dW 1
t

dt
,

dx2

dt
= θx1 + λx2 − γx2y + σ

dW 2
t

dt
,

dy

dt
= −1

ε

(
y − x2

1 − x2
2

)
+ σ

√
2

ε

dW 3
t

dt
,

(22)
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Figure 9. One simulated sample of full system of Example 4.4
with initial condition x0 = (1.5, 1.0) and y0 sampling from station-
ary distribution.
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Figure 10. Sample trajectories of Example 4.4 slow variable with
an initial condition x0 = (1.5, 1.0). Left column: ground truth
of x1 (top) and x2 (bottom), with y0 sampled from its stationary
distribution (conditioned on x0); Right column: sFML simulation
of x1 (top) and x2 (bottom).
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Figure 11. Example 4.4: Mean and standard deviation (STD) for
the slow variables x1 (left) and x2 (right), with an initial condition
x0 = (1.5, 1.0).
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Figure 12. Example 4.4: Comparison of the distribution of the
slow variables at T = 2, 4, 6, 8 with an initial condition x0 =
(1.5, 1.0). Top row: x1; Bottom row: x2.

where the parameters are set as λ = 1.0, θ = 1.0, γ = 1.0, σ = 0.1, and ε = 0.001.
This system is studied in [4], whose deterministic version was studied in [27] as a low-
dimensional reduced model for a flow past a circular cylinder. The one-dimensional
fast process y is an OU process and evolves to a Gaussian distribution with mean
(x2

1 + x2
2) and variance σ2. A trajectory sample path of the full system is shown in

Figure 4.5 for demonstration purposes.
To train the sFML effective model, we generate the training data set up to T = 1

with initial condition (x0, y0) uniformly sampling from (−1.5, 1.5)2 × (0.1, 2.5) and
time step ∆ = 0.01. A total of 120, 000 trajectory data pairs are utilized for
training the sFML model. Once the sFML model is obtained, we generate system
prediction for up to T = 20 with initial condition x0 = (1.0, 1.0) and compare
them with ground truth. Samples of the phase portraits of the slow variables are
shown in Figure 4.5, where we observe good visual comparison. To further validate
the accuracy, we present the comparison of mean and STD in Figure 4.5, and the
probability distributions at time T = 4, 8, 12, 16 in Figure 4.5. We observe good
agreement between the sFML model prediction and the ground truth.
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Figure 13. One simulated sample of full system of Example 4.5
with initial condition x0 = (1.0, 1.0) and y0 sampling from station-
ary distribution.
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Figure 14. Example 4.5: Samples of phase portrait of the slow
variables (x1, x2) with initial condition x0 = (1.0, 1.0). Left:
ground truth (with y0 sampled from its stationary distribution);
Right: sFML model.

5. Conclusions. In this paper, we presented a numerical method for constructing
accurate effective numerical model of slow-fast multiscale stochastic dynamical sys-
tems. The method utilizes short bursts of data of the slow variables and constructs
the stochastic flow map of the slow dynamics. A conditional normalizing flow model
is employed to ensure the learned model is an accurate generative model in distri-
bution. Once successfully trained, the model can serve as a time stepper to produce
predictions of the slow variables, with any given initial conditions. By using a com-
prehensive set of numerical examples, we demonstrated that the proposed approach
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Figure 15. Example 4.5: Comparison of the mean and stan-
dard deviation (STD) for slow variables with initial condition
x0 = (1.0, 1.0). Left: x1; Right: x2
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Figure 16. Example 4.5: Comparasion of the distribution of
the slow variables at T = 4, 8, 12, 16 with initial condition x0 =
(1.0, 1.0). Top row: x1; Bottom row: x2.

is effective and accurate in modeling a variety of unknown multiscale stochastic
systems.
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